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2 . Ef fec t  of Gra t in& Th ickness

R e f e r r i n g  to Figs . 2. 4 , 2. S and 2 . 6 , we find that the a \  value is r e l a t i ve l y

low for  the ’ backward  r ad ia t ion .  It is hoped t h at  b y i n c r e a s in g  the  gr a t i u ’g  thick-

n e ss , c~ \ u i u a y  be inc  reased s u b s t a n t i a l l y so tha t  the b a c k w a r d  r a d i a t i o n  t i u a y  a l s o

be u t i l i zed  fo r  mm-wave antenna systems. An appropriate value of d is chosen

fo r  each value  c i t  and the leakage cons tan t  as a func t ion  c i t  t~~~” u s  plotted in

F i g .  2 . . a \ is pr op o r t i o n a l  to  t 2 , for  t smal l  and r eaches  a s a t u r a t i o n  v a l u e ,

fo r  t
8 

l a rge , as expected . For  u~ , = 10 and 12, o’\ can indeed be increased to a

l a r ge  va lue  by i n c r e a s i n g  t ,; hence , the backward  rad ia t ion  can be u t i l i z e d .  For

i
f 

4 .0 . h iu wm ’vo r , c~ \ i s  s t i l l  too low for  a l a rge  range  of t and , a g a i n , does  nu t

— 
seem to be ot a n y  p r a c t i c a L  i n t e r e s t  to t ’  in m - wa i - e antenna app licatiouu s.

I . F r e g ue r u ç y  S c a nn i n g  cit  a R a d i a t i u i g  Bea n-u

The s c an n i n g  of a r a d i a t i n g  beam has  been an i m p o r t a n t  p r c i b l e u i u  in a n t e n n a

app Li c~i t i c i n s ;  es pe ’c i a l l y ,  the s c a n n i n g  b y an e l e c t r o n i c  mean has  been in g r e a t

denu and . One i m p o r t a n t  c ha r a c t e r i s t i c  ot a pe r iod ic  a n t e n n a  is  t h at  the  r a d i a t i n g

beam can be scanned e l e c t r o n i c a l l y  by c h a n g i n g  the  f r equenc y (or e q u i v a l e n t l y  the

w a ve l e ngt h ) of an e x c i t a t i o n  s o ur c e .  U n f o r t un a t e l y ,  a ccom pany ing the beam scan-

l i nk  • e i t h e r  e’ t f ec  I s  miua v a l s o  a r i s e ’  dci e’ t c i  the change  in f r eq u e ncy  . For s s u f f i c  m c  r u b y

long an tenna  w h i c h  is imp l i c i t ly  a s sumed  th roughou t  this work , the most  i mp o r t a n t

effect is the va r i a t i on  of the beam width  d u r i n g  the scanning  p roces s .  Since t h e

beam width depends solely on the leakage c o n s t a n t  a , we d e t e r m i ne  h e r e  the Leak-

age constant along with the r a d i a t i o n  ang le  .u s a fu n c t i o n  of the w a v e l e n g t h , w i th

.ml l  o ther  s t ru c t u r a l  p a r a m u i e t e r s  being kept  c o n s t a n t .

Fi g ur e  2 .8 shows s c a n n i ng  cha rac tm ’  r i st i c s  of a s i l i c on  g r a t i n g  a n t e n n a

for  two ca h u e s  e r t  pe r iodic  i ty l en g t h :  d = I . 05 mn-u fo r  the  t o  m’wa i’d r a d i a l  t o l l  an t i

d = 0 . M I itint b u m  the backwa rd radiation . In both cases , a \ r e a c he s  a peak i - u  h u e

near ). ~mm and decreases almost symmetricall ), from the peak value as  t h e

waveleng th changes .  On the other hand , the radiation angle varies alnuost linearl y
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cii’ ci- a wide range at  \ .u round the  p eak  v a L u e  c i t  a \ .  Th ese .u m e v e r y  tie ’ si  i’ a bIt ’

c h u .  r a t  t e  ristic s c u t  t he  .u m i t  t ’mi i ua  t ar  t r equenc  ~ Sc a n n i ng  c u t  .1 r ad i a  L u n g  boa i t  r . be —

- a m i s c ’ we m m i . u  ~
- choose the c t’mi te u- wave Ion g t h i  to c - c u r  r e sp ond  to t h e  peak i a  lue  at

a s d  t h a t  i ce ’ m a y  h at -c  .u l a r g e’ sc-a nn  in g .u ug i e w i t h  ,u r e l .i  l i i  ci snic i l  I ~ h~c r u g e  i i i

- t i r e  it  \ v a l u e ,  I- c u t ’  t he  s ak e  c i t  d i s c r u s ~~~i c i i i , l e t  us choose \ = i i m i n i  .u~ t h e  c enle ’ i’

- ii ,u i o 1 e’ngth  , .u t wh i  i c  Ii th i e he’.t i i i  rae! u n t e s  cit .1 bcriu t  25 ° in the t o  t w a  r d d i i ’  o c t  i c u n  b e  F

- 
j ci 1 . U ~ mm a rid in the b .uc kwa  i’d di r oe  t i c  ci i  b r  d = 0 .8  1 uu in i  - Fci r a t cmi pe t’ . o m i t

- 
I U ’  - ) c h a n g e  in way  el en g th i  sa v , t ru in  \ 2 . 8 ~‘ mm t c u , 1 ~ nun). tht’ raeli .u t i t u g

t )t ’ c i t f l  s w e ep s  c i u i u o st  l i n e a r L y ( i V ( ’ i’ .i s c a u u n i n g  a n gle  c~~ ~iboci t  2~~ i u  
( roug h l y  t r a i n

- 
1 4

0 
ci 39(t ) [or the backward r ad i a tio n  and  c u t  about  20

c ( r o u g h l y  t r a i n  1 ~u ° to 3~

t in ’  the  t c c r w . u r d  i - a e h u . u t i c i n . SimiLar results .4 mc’ al so  ob ta ined  h e i r  an  a l u m i n u m

c u~~u h c  g r a t i n g , u n t e m i r m . u , ~u s  shown iii }‘i g u m ’ e 2.  ‘~

20
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An .upp r o x i t u i a t  o a t u , u l  v s u s  c u t  pe’ r I c  ~di~ dic’le’ e - t r u e  iva v ‘ge m ides , t h a t  w as  bci sod

-

~ c i i i  t I r e ’ ~ i r t e 1 l  c h i t t o i e ~ic e i i i  d u ’h e ’c t t i c  c e u r i s t i l i t s  c i t  t h e ’ g r a t i n g  t eeth  and gI ’ e u c u i  os ,

h a s  cc c l i  c .u  r r i e d  out  hi - t h e ’ .icu t luom 
~~ ~~~, 

an t I  s imp le i n a l v t i c - t c u r u n e i l a s  h , u i  e bt ’e ’ui

c b t . i i i i t ’d (or  p r a c’ t m c  . i l  t h ’ s t g i i  c i t  op t i ca l  pc ’ r i c u d i c - c ’ eu uip lc’ i s 4 1. By m ean s  c u t

~ pe ’c i t  it  e’xc imi i p le ’ s , i t  hci s been shown t h at i i i  c c  c i i i j i i  r i S c c l i  W u th u th t’ V i g c r  i’ ci ei 5 i r m . i l  V si  ~

t h i t ’  a p p r c u x i t n a t e ’ a i l a  lv t i t  ( c i  r u m i u l a  s y ie ld uumc•  r i c a  I r e ’su it s  t hat  .t re s t u f l i e  i en t ly

.r c C - c m r . i t  o i cu r  c ip t  i c  a 1 app i i c at  i c u m u  s . F’o r in n u —  it -a ve  .u i i t e ’ mumua  st ruc  L u r e s , h i c u w  e’v i’m’ ,

the ’ c l i  tIe t’ t’l ice ’ in die  i cc  t r u c c .u i l  s t , u  l i t  ~ c c t  t h e  g r a t i n g  is c i f t eu l  quite ’ La u’go and the

p m’ e’v ic i t i s l y  ob tained  an~u l i - t i c  f o r u n c u l a s  may not be g e n e r a h h y  i ’e l i ab le ;  a t y p i c a l

c , u s e ’ is sh reuiv n in F ig .  . 1 . F ig u re  3. 1(a) s h ciw s the  lieu r m a l i , ’ e ’ch phi ci se C e u n s t a u u t

u s  c ’ch i i i  .u p e r t  ci  m’ba t  ion a ia lv sis , .is  cci u lu p a  t- t ’d f c c  t hu .u  t ob ta ined  t r a in  t h e’ r i go men u S

a u m a  I s u s .  S i r i c  e’ the ph i . u s  e c ciii sLa nt dote r  m i n e ’ $ the’ di re’c t i c  in c i t  .i r . t du  , i t  i i i  ~ be’,i i i i ,

t h e  e - h , u ~m g c ’ i i i  the’ ph u c u s t -  e u u n s t a n t s  in  l ’m g .  t . l ( . i ) u s  t a c t  l . u r ge ’  t e u  t i e ’ i C i u c c r c ’ e !  1 c 1  t h e

d e s i g n c u t  a g r . i t i n g  .umu t t ’noa .  ,‘\ l scu , the’ c h a n g e ’ ii i  ph ase  e c u l i ~~ t . i r u t  m i i a i  h o  p . u r t h i

r e s pon sible ’ t a r  the  u t L I ~ - c c u r a c \  at  the l e a k a ge ’ e c i l i s t c i t i t  . u t u t . l i l l . ’ d i  I i i  U ie  pe m ’t e u i - t u . u t i c n

a n a l y s i s , a s  shown in F’ig. 3 . 1 ( b) .  For g r a t i n g s  ci t  hug h d i ’ h~~c t r u c  c o n s t a n t s , i t

t h u  or e’ f o r e  nec e ’ss.i i’y t c i  t O  i’is o ( i t t ’  previous per t i ir ba  t ic ~ fl procedu rt ’s  i i i  c c  r d t ’  r

c c  e u b t j  in mar e  at ’ c u r a t e  a r i a  l i - t i c  m ’esu l t s  fo r  prac’ t i c  .u I des uguu  c i t  g m a t  u a g  an t en t i ,u  s .

h e i r  s inip lic ity . it- c’ Cons  ide r onl y the ’ c .u se’ c i t  T E l t i c i ( I e ’ s . lt h a s  I i e ’t ’li  ~ h r ~ ‘ u n

1 1 1 tha t  the h a r m o n i c  amp l i tudes  in the g r a ti n g  r eg i c u n  a re  governed by the

s y s t e m  c u t  coupled d i f f e  r t ’ m u t u a  I equations:

u~~ Z Ic I V ’ mu i i  ii 0

1 i ~ ~ \ I 1 i ~~ . 2 )
d I /  ii I i  ii Ii 1

I ~~ V 1~~. ~- n  c~ —‘ I n I

t a r  i ’ve r y  n I i , ~± h , .-t 2 , . . . u n t i  where  
~~ 

repre ’sent s the coup l ing  t e rms , due to the

22
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per iod i c  v a r i a t i t u t u  cut  the g r a t i m u g .  In the a b s e n ce  of the per iodic  v a r i a t i o n  c u t  the

g r u t i n g ,  
ri 

0 , and 
~ 

and 7 1/? a re  i n t e rp r e ted  as the e- h a r a c t e m i s t i c  w av e

n u r u -u b e r  cind imnpt ’d amu c e c i t  tlu’ (r an  sriui res j ot -u l ine  model fc i r  the  gr a t i n g  r e g i on .

In ~.t c u d c i t  t re ’ .l t u n g  ~n~~h .i s y s t e m - u - u  of d i f t e ’ ren t ia  1 equations in te i ’nus  oh t he  c i  g e i u  —

a loes .i rmel  c i  g t ’l r u  ee i c i r  s of the ’ coe f f i c  i omi t  r - uu a t r ix , a s  emp loyed in the p r ec e d in g

S O c  t i c i l i , we sh a l l  m e ~a rd j
~-u 

as a kn ow n  fe in t -  t ion  and ( 3. 1) and (3 . 2) c a n  then be ’

ii i~~c i c  b l o t 1  i i i  an  i n dep e n d omu t transn -uis s i an  lin t ’  with  the’ cu r  r e n t  s o u r ce  d i s t r i b u t i o n

J ( ; i . It i s  enu p h u a s i .’ eel h e r e  tha t  oc i appr oxi tu ia t io iu  has  bt’en in t roduced  i n  d e r iv in g

h e ’ i nd e p e n d e n t  t ran  snii s s ion — t i n e  e’qcia t i o n  s . ~rh - u t’ re’ o re , the  p re  sen t  aria I i ’S iS  i S

Ii .i sod on the ’ exac t  eq cm ati u m - u s  . ins tead  ci f the a p p r o x i m a t e  d i n e s  iti t he  p ro i  i d u C t s

w or k .. 1 2 , ‘ 1.
(X i t s u c h ’  t h e  g r a t i n g  r e g i o n , the’  medi .i .i re all u n i f o r m  auu d each spat-c

ru n  ‘ii r~ uni  - n , r ~~ ,i t  es i ndcpe i ident  I y i s  a pla nc ’ u ca  i c .  The t m old s c u u t u t t o i u  s t c u  m ’ thu e

tu l a n e - ‘ c u e s  .ir e  n e l l  k n u c u uvn: in t . l t  t we i i n u u  d e f in e  input  u m u i p e d an c e s  f ar  ~a~-h

- i  m ’ f l l c u t u i C  a t  t ue u i p l u ( ’r and  I c u w e r  s u r t , ~ces  c ’l  t he g r a t i n g  ~In c l  ( hit ’  c o t i t u t i n t i t u

c u u i ( l  I t  uc  u l u  S cul l t hut S t . i  n gent  i i i  t ield cu t -uu p o t r en t s  .u iu  t h en  be t m ’ u  - 151 , 4  ted i i i  b e  u ( 1w

l u u ’ n i i ud . i  r c c i m i c h i t  i c u r i s  on \ an d I in (3, 1 and  ( - 2) :
n n

\ ( 0) - -;  i I U )  (3 . 4)
0 ii ii

V ( t  1 7 1 it  ) ( 3 .  ~~~in g n n g

w h e r e  i’ and / a re  the input  u t iup c danc e’s of the n — t h u  h a rm o nic  l o o k i n g  up a t

a i d  i c u c i k i m u g down at z 0 , r e s p e c t i v e l y .  Assuming  that  is a known

tune - t ia d i  • the sc u lu t u  ciri s c it the sini pli’ t r ansmis  si on— line equat ions , ( 3  1)  a 0(1 ( . 2 ) ,

~~i i i i ~~i ’c t t i  t h e  b oundary  c o m u d i t t c i n s , ( ~~.4)  and ( 1 . ~ ‘i ,  can be e.usil ~ o b t a in ed  by

s t I l l  b . c  rd tu’c’hn iqcu c’ s: fcu r th e vo l ta ge, we’ have:

R V ( z ) ‘~~ Z / G ( z , z ’ ) j ( r ’)dz ’ iJ. (-u i

for  eve’r v  n and wh e re R n 
and a re  defined by:

24
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= I - 

~~ cl 
exp(i 2 K~ t

g
) ( 3 . 7)

G~ (z . a ’) = \ I \ ~ exp(-i K z ’) + exp(i  z ’) l  exp(i ~~ z)

-

~ + \ [ex p(- i  K~~z ’) + ‘~T~ exp(i ~~z ’) 1 exp(i 
~ ~~~~ 

exp( -i  k z )

+ - R exp( i , c j z - - z ’ J )  (3 .8)

in which  and are the re f lec t ion  c o e f f i c i e n t s  looking up at z = t
g 

and looking

down at a 0 , respec t ive ly ;  they a r e  related t~~ the input  impedances  hi- :

+ + +
= (Z - Z ) (Z  + Z ) . 13 . ~~mu n n n n

I ’  needed, the c u r r e n t  can then be obtained by substi tut ing (3 .6 )  into (3 .  1) .

With j g iven b y ( 3 .  3), however , ( 3 .6)  is actually a system of coup led

i n t e g r a l  equation s f rom which the set V is st i l l  to be determined . N e v e r t h e l e ss ,

( 3 . 6 )  is to a for ru  tha t  is conv enient  f c i r  app l y i n g  the i terat ion techn i que , so tha t

V n can be de te rmined  simply and sys temat ica l ly  to any des i red  degree at  a c c eu r a c v .

In the extreme case that  the periodic var ia t ion  in the gra t ing  d i sappears , i = 0

and we must  have , f rom ( ~~. 6), for  n 0:

= I - ~~ exp(i ~ K0 
t g ) 0 , 3 , 1 0)

which is recognized as the d i spe r s ion  relat ion for  a un i fo r m  su r f ace  wavegc i i de .

In the presence of a periodic variat ion , (3. 6) for n = 0 may be recas t , a f t e r

p e rf o r min g  a scalar multiplacation by V~ (z) ,  into the form:

R0 .
~v0 IG 0 I ~ 

£ V ~~ ‘o~~”o~’ 
(3 . 11)

n a t)

in which we hau - e made use cut the ntutat ions :

t t
, g  , g  - -

<V  G U> = 
“cu “a 

V ( ~’) G ( . ’ , i )  l t ( ; ’) dz dz ’ ( ~~. 1 I a )

t
*

- 

- 
< “ I U> f V (z )  ~1(z) dz . ( ~. 1 Ib )

U
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I i )  c-o l f lp a r i i c c i l u  uv ith ( 3 . 10) , it i s  ev iden t  tha t  the  t e rm on the r i ght  hand  side c ut  t h e

t sqeia l U ’c in  - I t )  t ’epre ’ ic e’t i t  s the pe r t u rb at i e in  due to the pe r iod ic  u -a r i a t ion  of the

at  i n  c c i i  the  so r l ,c  cc ’ n-a i t ’ c i t  t h ’t t’ un ito m u  ii ,i i e go ide’ . Equat ion (3.  11 )  is an

o ~~ ct  di  spe’ r s i  c ’i i  me ’! ,t t i c i t i  t o m  the ’ p e r i o d i c  ui -au - c g u i d e ’ . In th i s ap pr o a c h , the  e’l t e’c

c d l  i no ~i ’ r i cudI e p er t u r b a t i o n  t i c  i f l c~ Iud~~d in the  d ispers ion  r cia t 1cm w h it ’h will

-I U t , ~ i i 1 , d t i c a  l i v  v i c’ld a p p r o p r i a t e  changes  in both real  and in - i a g i m -u arv  p a r t s  c-cf th t ’

~i t s p e r s n c i iu Eoc u t s  . F’e u r t hie ’r nueu r e , the p e r t u r b a t i o n  t e rn -u  in (3.  11)  is evideuu t ly  a

- ; u a n a ti on a l expression in which  a t i r s t  o rder  . Ippre -ux imat ion in the V ’ s uu’ill  g ive ’

Sc ’ I c ’ c i t i l  i a seecund ~u rde r e U e~- t in the ra t l c . That  is , a f a i  r i  c a c c u r a t e  est i  m a t e

of the V ic should yield a p rac t i ca l ly  acceptable d i spe r s ion  root . The re fo r e , the

p r e s e n t  approach is pa r t i cu l a r l y simple fe -cr the f i r s t  order estimate of the leak y

uv ave  c’n i n  St , i f lt  c it a gr a t i n g  an tenna  . -
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IV .  RADIATION CHARACTERISTICS OF UNBOUNDED GRATING A N T E N N A S  - -
- - OBLIQUE INCIDENC E

[he p r a c t i c a l  problem with which  we a r e  concerned  he re  is dep icted in

Fi g.  4 , 1 , in which  a g r a t i n g  a n t e n n a  Ls excited b y a su r f ace  wave  w hi ch is g uided

by a c i a t t e i r m  l a y e r  in j u n c t i on  wi th  the an t enna  at x = 0. In the past , th e pr oblem

n a s  bee n a na ly z e d  on l y for  the special case of normal  inc idence  (e.  g . ,  P 0 in

F i g .  4 1).  In such a spec ia l  case , the f i e lds  have no v a r i a t i o n  a long the y - d i r e c t i o i u

and we thus  have  a tui - m d imens iona l  boundary  va lue  problem of a periodic d ie l ec t r i c

ivaveguide  in which the TE and TN t  m~~~’s can be t rea ted  independent ly  in t e rn -us  of

a sca l a r  po ten t ia l .  When the s u r f a c e  w a v e  is i n c i d e n t  obl iquely  at an angle , 0 : 0 ,

t h e  pe r iod ic  wavegu ide  s t r u c t u r e  becomes a t h r e e  d imens iona l  boundary u ’a lue

pr s l u l e m w h i c h  r e qu i r e s  the s imu l t a ne oL , 5  pr e s e n c e  ol both TE and TM modes , as

nr o v i o u s l i -  de f ined  [ 1 ], to sa t i s t v  the c o n t t i u e u i t v  condi t ion s on all the t a n g e n t i a l

com ponents  of the e l e c t r o m agn e t i c  f ie lds , as w ill be shown l a t e r .  In o ther  we rds ,

TE and TM modes a r e  g e n e r a l l y  coup led in the case of oblique inc idence  of a

s u r f a c e  w a v e ,  In th is  section , we present  an exact fo rmula t ion  of the th ree

d imens iona l  bounda ry  value  problem , proper ly  taking into account  the e f fec t  of

coup l i n g  between the two modes .  As wi l l  becon ie  se l f -  ev ident  l a te r  on , the most

i mp o r ta n t  b u i l d i n g  block in the  f o r m u l a t i o n  of t~~e per iodic  waveguide  problem u s  t h e ’

sc a t t e r i n g  of plane  waves by a gra t ing sandwiched between two d i f f e r e n t  u n i f o r m

media.  Also , such a scat ter ing problem is of great  interest  in its own ri gh t .

There fore , the sca t ter ing of plane waves by a gra t ing  will be studied f i r st  arid

the  g u i d in g  ul n -ai-es by a periodic waveguide will  then follow .

A. Sca t t e ring  of a Plane Wave by a Per iodic  Layer

Consider  now the  sca t t e r ing  of a pla n e wave by a periodic l a y e r , r ( x ) , t h a t

is  s andwiched  between two u n i f o r m  s e m i - i n f i n i t e  media . Ta be c c m i u s i s t e n  w i t h

the waveguide  problem , the upper half  space is  des ignated  as the a i r  region with

the r e l a t i ve  d ie lec t r ic  cons tan t  t and the lower hal t space as the f i lm region w i t h

27 -
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the d i e lect r i c  cons t an t  m~~. The  d i r e c t u c u n  c c l  th em p lane wave is specif ied b y the

tw o  a n g les: ( 1 w it h  respect to  the  i- - a X I S  and 
~inc ii i t h  r espec t  to  the  x— a x i s ,

~i 5 S i l c u i i  II  in 1 - i g .  4.  .~ - h i t ’ t u l l l 1R d i l t ’ l l t S  c c t  t he  p r u u p a g a t i o l u  i e ’ c t c c r  c u t  t h e  i m i t  i den t

ii t i e ’  a r ’~

k z k - i c i l t  (1 (‘ (iS c~u ( 4 .  1 )
xo t l i l t

k k .  situ 0, m c i i i  ,~‘ ( 4 .2 )

~‘c) I iI’IC in c

= k - c os 0~ ( 4 ,  i )
zu I l i m e

(4,4)

w h e r e  k and k 1 are ’  th e’ plane wave  p r o p a g a t i on  co nst a nt s  in the free space and the

• I i i n u  m u ’ gio~-u , t ’ as  p ee - t t i - c’ lv . It  i s  noted t h a t  i i i  the ’ pre  sent bc i ur ida  r y  i a  Rue ’ p r c u b l e n u

t h e  x — and  v — c ou n p c c n en t  c u t  t h e  P t’ cu p . i  g~ i t i c i m i  C c c l i  s ta m i t  S 1110 st in ’ tht ’ S~i l i l t ’ O i O  l’~ ui’he r e

but not tht’ t — t cm n ip on en t  l i m e ’  t o  I c i  re’ , it i ~ nec as so r y t c u h a s -  e the’ s u i p t ’ I - s c  r ip t  I

te d denote  the ’ reg ion c u t  d et in  it i c in I c u t  t i i t ’ — c o f l ip onel i t .

L)ue to the spa t i a l  p e r i o d u t - i t y  ( c u t  t he  gr a t i n g )  in x , all the space l u . u r u u u c u m u i c s

( F o u ri e r  con-upor u ent s)  a r e  g e n e r a l l y  ~~xc t t ~~d e v e r y w her e  in the’ s t r u c t u r e; the

pu’ cu p a g a t i a n  cons tan t  cut  the n — t b  ha t’monic is  re la ted  to t h at  c i t  t he  i n c i d e n t  wave  lu v :

k = k + ~! n yr - d • t a r  mi = t ) , ~ I , ~~ ~~~, 
. . (4 .  ~~~)

Xl i  X ci

where  d is the periodici ty of the g r a t i n g . In p ar t i cu l a r , in the f i l m  and a i r  r e g u c i n s

where the media are spatiall y uniform , each space harmonic propagates i ndependen t ly

as a plane wave ,  Althoug h the amplitude cit  each plane wave remains  to be de te r -

mined , the p reup a gation c h a  r a c t er i s t it - c u t  ‘.uc ’ Ii pl ane  ivai ’t’ c al -u r e a d u  Iv  be m u -  c ’st  u -

go I ( ‘ ( I  t h r o u g h  t li a di spe vs ion r e l a ti o n , t cu t the’ I l’ and I ’M m u c u t l e ’  s~

(k ~~~~ i — k
’ 

- k~~~ )
I (4 , t i )

/ m l ( 1 q ~ c u X l i

it -h i ’ i- c’ q n a y  stand I c c  r e ith e ’ r t o r  a desi  gna t t i u  g t h e’ t i l i i i  c c l ’  . ci  r r egi  d u n . I t  i s  nat e ’d

that the s ign c i t  the square l’ l c c c t  h as  to be chosen sue ’h t ha t  the’ r .udi a  t ion c ondi t ion

at in t i l l  ity  is sa t i s f i e d .  in the bounda m- ~ ~‘a lut ’  p rob l enu  c u t  p lane  uva u -  e’ sc , t t  t e l - i ll~

•,0
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i g .  4.2. Scat t u’ rim ug c u t  a plane wave by a g r a t i n g .
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k and k a r e  both real  and and c a r e  both assumed real for lossless medi a .

cons~ quent ’e , ~~~~~~~~ is either real or imag ina ry ,  depending on n . If ~~~~ is

t’ c • - i  I , t i t  e’ t i — t b  ha rn iem i t~ ~s said to  be’ propa got i tu g t r a n sv e  r sely (a long a) in th ern

q — t l i  m e d i u m .  O t h e r w i se , i t  is e ’vant ’ st ’ ent .  F r eu n -u  (4 . S) and (4. Ii), i t  is  s t r a ig h t —

a r(l t c u  sh cu w tha t  c u m i l v  a t u n i t e  numbe r c u t  ha r n - u o n u c  s can propagate  t r an sv e  rse ’I y

in the a i r  and t i l n i  reg ions. Fe) r a propaga t ing  ha rmon ic  • the d i r e c ti on  ci t  p ropa -

t i ~ ‘i i  in the ’ q — th med ium is spec - i t ie ’d hi- the two a n g l e s :

I (~~q> k ) (4 . 7)
Fl .~ t i p

c: I o u  k ) (4.  S)
i~i v i i  xt -u

i v i t l i  i’ t ’S I ) t ’Ct  t o t h e  ~‘— and x- .u x i s , r o sp e ct i v e h u -  In (4.  7 ) ,  k
q 

is th~’ l) lal e w .ivi ’

m r u u 1 u , I - g , l t  ‘ c u l l  e c u n s t . i u i t  i l - u  the q — t h  l i i e ’d iOf l i  de t ine ’d  bi’

kq k 0 Jr (4 ,c1

u v h  i ch  ge ’iue r a l i ze s  (4 ,  4 ) .  It i s  t i c u t t ’d tha t in c o n t r a s t  u~ is inde’pende’nt c i t

the p r ope r ty  cut  the  n-u d iun i  in wh i t -h the plane w O u t ’  p ropagates .

The key  I cu t he  pre  Se’nt bounda my i ol t ie  p roblem is the ’ d e t er t i ij  n ot  u l u l i  cu t  ,i

c un ip le ’te mc t ’t nt  c’ ha t O e - I c  r u s t i c  ~~,u lot ions  of the ’  g r .t t  i m i g  t ’ eg i c u i i  t hat  . u r e  ap p l e  , u b h  e’

t c i  a g i v e n  ty pe’ c i t  s c u i u r e ’e axe u t a c t u u u i . Wo luau- i’ o b s e r v e d  tha t  by .u s imp le e cn ir d in ,t t t ’

t r a n s f c i r m a t l o n , the c h a r a c t e r ist i c  so lu t ion s p r c ’v u e u u s ly  de termined t c u r  the spec ial

case of t iormal i n c i u t e n c e  (of a sur face  wave)  can als o be uti l ized for  the  g e n e r a l

case cut  cmb l iqu e inc idence .  Such an observa t ion  enables  us to a t tack with r e l a t i v e

c . u s e  the d i t f i c u l t  problem being ana ly -ied he re .

i h i ’ c- h o  r a c t er i st i c  s o l u t i o n s  f o r  the g r a t i n g  r e g u u c l i  h ave  been e X t e m l s u i  ely

i t ’d  I c c  r t n a m i  p I~ u t i l e ’s i i !  the  per ~od Ic d ie l e c t r i c  const ., l i t  1 
~
. The gen e r a l

h i  r In  c u t  t he  e ii i t  i c  t o  i i  sU e ’ solut ions  a r e  g lu -  e’n in  Ta ble 4. 1 where us the

t m . u n s u - e ’ m - se  p r e ) p a g a t l i u u i  e i i n st a n t  (with  I -aspect  to the d i rec t ion  ot periodic var ia -

t ion) .  It is noted that  V ( x )  is Cli , ’ ~u i ’t c n t t a  I t u n e  t ion t a t ’  TE modes and 1(x) for  TM

‘I
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T A B L E  4. I . Components of c’h~ r a c t e r i st i c  f i e ld  so lu t i c i t i s  in an
unbounded per iodic  medium .

- 

- 
i’E i i ie i dt’ TM tuode

E
~1 - exp (i  k

~
v )  V ( x )  1~~ cxp( i  k

~
v)  1( x )

p) E~ E = ( k
~/~~

e r(x)1 H

H~, exp( i  k 1v )  1(x) 
I 

- ex p( i  k~
v)  ~‘(x)

1(x) - i ( 1 - ~~~p )f  \-‘(x) \‘(x) i I l ’~~~~r (x) 1~~~ 1(x)

m ode’s . In gene m’a I , the ’s e’ p o t e n t i a l  tune ’ t ian  mc c i i i  bt’ rep re sentt ’eI b y lb em I- no r ic r

s e r m t ’ s (F loque t ’ s so lu t ions ) ,  as shown in T~ bte ’ 4. 2 , a long with  o ther  associated

T ABL E  4 . 2 . h- ou t - i cr  r e p r t ’ s an t a t i cm n s  for  t r a n s m i s s i o n - l i n e
i c  ul  to ge ’ a m i d  c or  r e m i t  and the’ i r r e lated q u a n t i t i e s

1 l’ i i ieud e’  
- 1’ N-I rtiodes

i k  x i k  x
y e ’  Xli  - 

c c
i 1 1 ( x )  ~~~ 

~~~~~ 
~~ 

X I I

(k
~~ 

\ - ( x )  

t 

~~~ 

~~ k~~~x 
1 ( x )  ~~~l~-u ex p(i  k 1 x)

1(x )  n ‘ V ( x )  “ C~ e’x p( u k x

I t I t l e  l i on s . Ei ’id~~n t l  y ,  I heic t ’  cha riu - I t ’  r i  s I R ’  so lot 1o~ s ~m re  i uva r i o  ot a Ion g I he’ u—

d i r e c t i o n  and propagate a long the v-d i r e ’ e’t icin . The uv- c oc ’mrdina te  sys tem in w h i c h

t h e  TE and TM modes exis t  independent ly  is shown in Fig .  4. 3, with respect t t u

the ’ i - i — c o o r d i n a t e  s vst en i  in which the s t ru c t t u r c  is descr ibed . I - c i t  s imp l i c i t y

t h u .  h i  rn ie  r u i i l I  by cal led the  cha r a c t e ’ i’i s l i t ’  e ’ iu o i ’d in, i  t o  sy stem 0 lid the lo t t e  u’ t u e

st rue  tu r a t  c o o r d i n a t e  sys  cm. The t t i n  s l c m  rm a  I l i u m - u  ( r at  at i o n )  between t h e  two

c o o r d i n a t e  sy s t ems  i s  governed by:

u y ens 4i - z s in  4,
(4 .9)

v y sin 4a + z c o s 4a

_ i~j
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Fig . 4 . 3 .  Rotation of coordinate system around the x- axis.
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i i i ’  i i i  to  i’ i i is  o U t i l t  i c’ et  o r  s :

~~~ c i 
0

~~ ~ ‘ c c  ~~ 
~
‘ 

£ , u 
c, c i s  c~c — i sin 4c

(4 .  10)

u- \ i i u .‘ v s in  ,~, 4 1 t’ c u s  ~c ’ ‘~ ~~~c c  —
, c u  c c

ii I i O t’ c ’ ~. is  t h e  ~v l l g l t ’ c i t  i c c t , i t i e u I i , as  s i u c c u t t u  in  1 i g .  ~~. 2 . hi the ’ e h a r , u t t e ’ r i s t u t

c u c i r d t t i ~~t t ’ s u s t a i n , bo t h  l E  and TM modes are - I ia r a c’t er ized i i i -  only  t h re e  t i e - I d

c c c i i i  c c ’i i e ’ i t s .  As ,i e o Il s  equene e’ of ’ the ’  t r a n s  fc c l ma t  ion t c i  the  st r t i e t u  ra I c 0c c r d i n a  tt ’

sy s t e m , both “ T E ”  and “ T M ”  modes h a v e  t e  be eh . ur a c t e r i i e ’d b y I i i  C c e i f l lp c i l i e l it s

u i h t c l i  O t ’ t’ g i i - e n  in Tab l t ’ 4. 3.

1 A B I  - F 4 .  3 . F’i eld c e in i p em ne ui t  s i i i  ti le ’ st r u t - lu  ra  I t c u c u  r d i n o t e  s y s t e m - u I .

TE mt d e  1 I’M mod e

— j ( k v li i) - i ( L  u + k .’)
E ii e’ “

~ \‘(x~ I i i  t i  a - 1 ( x )cc ci V \

— , l h  cc - + k  i) - — j ( k  c, + k  i)

l- u 
- 

c ’ 
- s - / \‘(x) H a , 

- 
‘ 1(x )

-j ( k  v - f k  i) - i ( k  y 4 k  .-‘- )
5’ - 

1 ‘ 1~ -I !  v a 1( x )  1- . i- em \ ( -c ’. )
u v I y cc

- j 4 k  y f k i -)  - (k cc k i )
- cc ZH v a 1 (x) F. v t’ \ ( x )

I Z 7~ 1

k - j ( k  v + k  ; )  k - J ( k  cc’ 4 k  ~r )
- V z - - t

- I i  — — e \ ( x )  1’. i’ 1(x)x ~~p x cc i
~~~

t (x) 
-

For ,u g iven long i tud ina l  p ropaga t ion  cons tan t , k . the complete set c u t

t r a n s v e r s e  p r e p a g a t i on  c o n s t a n t s  and their  cor responding  Floquet solut ions  fo r

t h u ’ PC’ r i~~d Ic m e d i u m  have been pre ’v iou si  v de t e rmined  [or both 1’ E and ‘I’M

n i c i~l c’s 1 1. ~Vb Ile~ th e’ d i s p e r s i o n  m ’ e’ lat i un s  a r e ’ id e n t i c a l  fo r  1 F ,ind ‘1’ NI mccci i ’  s

i n  a u n i f o r m  re ’c z i c u n . a s  g i v e n  in ( 4 . t i h , t i m a y  . i cc  g e n e r . u l l v  d l f t e ’ r t ’t i t  t e u t ’  t h e  t w c i

t n cu d c  s i i i  the  g r u t  i l l  u~ rem g i e i f l  . I i w  r t ’t e u  re ’ , ui_ i’ h av e  t i t t u  d i f fe  r e n t  sets c u t  t r a n s  -

v er s e  p r u u p o g a t i e u n  c o n s t a n t s  and Floquet solutions for the g ra t ing  regions as

- ~~~~~

‘ 
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for ma lly given in Table 4 .4 .  Here , we have made use of the fact  that the propaga-

tiont cons tan t  k yti is continuous everywhere and the propaga t ions  cons tan t  in the

a- d i r e c t i o n  is de ’tern i ined by:

J ( k ’  ) ‘~ - k
2 ~I 2 

, for  TE flle )dCS ( 4 . 1 1 )
7fli  tn i  yo

k” = [(k” )Z 
- k2 “ 

• for TM modes (4 . 1 2 )
am tni yo

It I S  t i c u t t ’ d  that k ’  and k ”  can onl y he’ e i t her  real  cur  i m a g i n a r y  for  a lo s s leg s
zn-i am

g r a t i n g .  This  means  ph y s i c a l ly  that the mode cam -u be e i ther  p ropaga t i ng  c c i ’

evanescen t  if the g r a t i n g  is loss less .

R e f e r r i n g  to 1-i g .  4. ~ ( a) ,  s ince  the p latt e wave is incident in the  f o r w a r d

d i r e c t i o n  (ron-u the ’ f i lm  r eg ion , the reflected waves  consis t  of all t h e  sp ace

h a rm e u n ic s  p ropaga t ing  in the backward direc t ion . With the ~‘ -dependence ,

exp(i  k y ) ,  un de r s tood  am -u t ! suppressed  for  simp lici ty , the t angen t i a l  components

of the field solution s in t i i t ’  I t l m  region , 7 ~ 0 , can be writ ten as:

E~~~(x . 7,) = ‘~
‘(k~~ ‘~~~‘ ia ” 6 exp(i ~~~~~ + b” exp( - ik ~°r , ) l  exp(i k x)

X —~ tn ci I ci nO fl ann
(4 . 1 3 a )

E0
~ (x , i)  = ~~ u~~~t a ’ cS

0 
exp(i k(t) z) + b~ exp(- I k W a ) 1  exp(i k x )

(4 , l Uu )

- V v~
t
~Ik ,it ,

~ [a ’ 6 exp(i k(t)z) + b” exp(i  k ( t ) z ) l  exp(i  k x)
..

~~ yn xn o t ci no zo n an xii

H~~~(x , z) -~~~(k ~~~~ P i t a ’ 
~~ 

exp(ik ~~~a) - b~ exp(~~i k ( t
~~, ) i e x p ( i k x)

( 4 , I s t - )

H W ( ict , z )  = “ u W[k ,
~ p~ [ a ’ 6 exp(i k (t

~~’) - b ’ exp( -  I k~
t
~~~) 1 exp( i  k -u

x )

(4.1 ~c 1 b
-

~ 
V u W~a ~ ex p ( i k ( t ) :) - b” exp( - i k ( t

~~, ) ]  exp( i  k x~5’fl ci 11cc I c c  I-u in  x i in

where a ’ and a ” are , respect ively ,  the amp litudes of the incide n t TE and TM

wave s and b~ and b~ ar e the n-th h a r m o n i c  amp li tudes  cci  the re f l ec ted  I F  and

- _ _ _
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TABLE 4 . 4 , Fourier  se r ies  representations t a r
tangential field components.

TE mode TM mode

- ‘m g  i - j k  x -jk” -z- - ‘m k  x
ci em 

- zmi ‘
~ V ‘ e 

- 

H” u ” e 
- Z i t I  \ ‘  

~~

,, 
~ 

- xn
y in 5(111 .

~~ 

n n yin c~ ~“J n-u n

-j k ’  z - i k x - 1 k ”  a - ‘ m k x
= -e zn-u \i 

~~~ e 
- xn E” e 

‘ am \‘ 
~~~

,, 
~ 

- xn
xn l  —~ mun xni —‘ mu

n n

-j k ’  z - i k  x - 1 k ”  a - i k x
U ’ = cc ‘ e G’ e xn E” cc ’ ~‘ 

- 
~~~~ “ G” e ’yin  y i n inn yin  5-ni —.‘ n -un

I 

~16 
‘:~



— — -“- - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~ --,‘u~~~~ _tc=~~ .~~~~~~~~~~~~T- 
-
~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

- -

TM waves , r e spec t ive ly .  In the grat ing region bounded by the two surfaces  at

a 0 and t , . the e l ec t romagne t i c  f ie lds  c o n s ist  cut both f o r w a r d  and backward

ii O v e’S - From Table 4. 4 , th e gene r a l ~ c i I i t t  io n s  a r em:

a)  = k ”  ‘~~ - ic ” ex p ( i  k ’  a )  + d ” ex p ( - i  k ”  z ) 1  “ V ”  ex p( i k x )
x —~ tin ei ni .‘ iVI l i i i  .—~ m n m i  xiiIn ii

(4 . l4a )

= 
\c

~~~~~ , J c ’ e x p ( i k ’  a )  +d’ exp(-ik ’ ~) 1 V 
~ e x p ( i k  x)

u- ni in n-u ,‘i i i  .-~ t u t u xn
- l i i  fl

+ ~~
‘ cc’ ” ~~~~ exp(i k”  a)  + d” exp(- ik” 

~~~) 1 
‘~~‘ G” ex p(i k x l

— ‘n i  in am mn u n  — xii
in n

(4,14b)

H~~~(x , 1) - “ ic ’ e x p ( i k ’  ~) + d ’  ex p ( - i k ’  1) 1 “ I’ exp( ik xlx — in ~n in l iii —, inn xnmn n
( 4 . l 4 c )

7 )  - V v ’ [ C ’ ex p ( i k ’  :1 - d’ ex p ( - i k’  ~~ G’ e x p ( i k  x l
— u -n i  in 7111 f l i  am —4 ru in xiin-u - Ii

+ “ ii ” ~c “ ex p ( I k “ a )  — d “ exp( — u k “ ~) 1 “ I ”  exp(i k x)
— ~~In tU 1111 in I l T i  —~ m n  x i i
i l l  n

(4 , l4d )
Here ’ , all the quantities are known , except  the mode a m pl i t u d e s  c ’s and d ’ s.

F im i a l l y ,  the t r a t i s n -u i t t e d  ui -au- c’s in the  a i r  region , .‘ ~‘ t . e ’ c i n s i st  c u t  c i l i t c i  t he  f o r —

w a r d  w av e s  and a r c  g i c i  en by:

z) ~~~
‘ 
e ” U~~~[k~~~ 

‘
~~ ~ I ox p ( i  k~~~1) exp( i k x) (4 .  1 ~a )

x — n yn tn o a  an xn
I -u

(a) V (a) , (a) -E lx . z) e ’ u e x p (u k  z ) e x p ( u k  x)cc .— n yn an xn
(4. l s b )

- ~
‘ e ” v~

°
~ [k ~ - t  n 1ex p ( i k ~~~ l ) e X P ( i k  x)

-~~ n vn xn c i a  an xn
U -

= 

~~ 
e ’ I k ~~

’
~ , p 1c x p ( i k ~

’
~~~) ex p ( i k x ) ( 4 .  l~~c )
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H~~~(x , ~
) ~~e ’ u’ [k /~ g.ii exp( ik~~~z)exp( i k~~~~)

( 4 .  lSd )

(a) - (a) -
+ - e a - 

exp(i  k z)  exp( i k x)
-~~ n c c i i  a n  xn

w h e r e  e ’ and &‘ a - e  the space h a rm o n i c  ampli tudes  of the TE and TM waves  in the

ai r r eg i on .

To de te rmine  the  sca t te red  field ampl i tudes , we now match the boundary

cond i t ions  at the two i n t e r f ace s  of the g r a t i n g .  Them cont inui ty  of the tangent ia l

f ield components at a 0 requires:

E~~~(x , o) E W (x , o) ( 4 . l 6 a )

E~~~(x , o) EW (x , o) ( 4 . l 6 b )

H~~~(x , o) = H W (x , o) (4.16c )

H~~~ (x , o) = H W (x , o) ( 4 . 1 6 d )

Subs t i tu t ing  (4 .  13) and (4. 14) into (4. 16) and then  equa t ing  the con r e s p o n d i n g

amp l i tudes  on both sides of the  equal i t ies , we obtain the fol louving s y s t e m  of

equations:

~~

‘ ( k ”  /,,~ ) V” [c ” + d ” J = (1~ff /,~ I ~ ,) [ a ” 6 + b”] (4. l7a).-~ tn-i o inn n-u m tn 0 1 nu no nm

u ’ V’ [c ’ + d’ 1 -
~ 

‘
~
‘cc’” C” [c ” + d”  ]— yin n-in in in —~ y in inn n-u ri-uIn ( 4 . 17 b )

( I )  
[a ’ 6 + b’] — v~

1
~(k “u,~ p) [a ” 6 + b”)yn n no n yn xn ’ n no n

V 
~ (c ’ - d’ 1 (kW /~ )[a ’ 6 - b’ 

~ 
(4.  l ic)

—~ inn in ni tn  “ nc no n

cc ’ C.’ It ’ — d’ 1 ‘~ u” 1” [c ” — d ”  1
~~ ym m m  n-u rn ~~ yr -n mn mi i-n

(4 .  l7d )

= ~
( t )  

(k /~~~ 
ii) (a ’ 6 - b ’ ] + uW [a” 6 - b”l

yn xn o no ri yn o no n

[or every n = 0, ~ I , ± 2 , . . ’ . Similarly, at a t
g

. we must have: 
—
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E~~~(x i tg
) = E~~)xi tg

) (4.l8a)

t ) = ~~~~~~~ ) ( 4 .  l~~b )
y g y g

~ ) H
( a )

(X , t ) (4 .  I c”u i

H~
’
~(x ,t )  H ( ~ ,~~ ) (4. l~~ l )

Substituting (4. 14) and (4 .  15) into (4 , 18)  and then equating the cor responding

amplitudes on both sides of the equalities , w e  obtain the fol lowing s vs t ea .  c c l

equations:

“ (k” /~~ ) V” ~exp(ik” t )c ” 4- exp(- i k”  t ) d ’  1
-~~ tm 0 mn zm g n-i am g nu

( 4 . l ° a~

(k (a)  
~~ € ) e x p ( i k~~~ t ) e ”tn o an g i-u

V ’ [exp(ik ’ t ) c ’ + e x p ( - i k ’  t ) d ’  1-~~ yin inn zn-i g mn a In g in
in (4 . l Q b )

+ 
‘

~
‘ v ” C” [exp(ik” t ) c ” + exp(—ik” t )d” 1

~~ yn-u n-in zn_i g in zn g in

= u(a)exp (ik(a)t )e ’ - V
(a ) (k /e. p )exp (ik~~~t )e ” (4 . l9b )

5(11 Zfl g n yn  xn an g n

“ 1’ [exp(ik’ t )c ’ - e x p ( - i k ’  t ) d ’  ]= (k (a ) /~~ P ) e X p ( k
(d ) t ) e ’inn zm g in z n’u g n_i tn zn g i-u

( 4 .  l~i c)

C’ [exp(ik’ t ) c ’ - exp(-ik ’ t )d ’ ]
~~ yin mn am g n-i am g in

+ V u ” i” [exp(i k ”  t ) c ” — exp(— ik ” t ) d” J

~~ ym inn am g in am g n_i

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ + t u exp ( ik ~~~~t g ) e~ (4 . l~~d)

for every  n = 0, ±1 , ±2, . . ‘ . In the matrix form , (4 . 17)  and ( 4 . 1 ° )  m a y  be

w r i t t e n  s u c c i n c t l y  as:

E ” K ~ [c  + d )  _.L K U ) [a n +b ”] (4 . 2 ) a )

_ ( I)

_________________ 
_  -

-__
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E ’U ’ [ c ’ + d ’ ]  +S”V ”[c ” + d ” l  U W [a i + b ’ I  - V~~~Y [a ” +b” ]

(4.  ZOb)

H ’[ c ’ - d ’ l  = - ~— - K ~~~[ a ’ - b ’ ]  (4 . 20 c)

5’ V’ [c ’ - d ’ ]  + I”  U ”  [c ” - d” = V [a ’ - b ’ + UW E a ” - b” I— y _  — y x —  — y — —
(4 . ZOd )

- ? E ” K ~’E exP ( i K ~~t g )~~” + e x~ (~~i K ~~t g~~~” 1  = K~~~ e xP ( ik ~~~ t g )~~
I1 ( 4 . Z l a )

E ’ U~~Eex~ ( i K ~~t g ) .~.’ + exP(~~i K ~~tg )~~’1 + S” V [ e xP ( i K ~~tg ) .~ l’ + exP(~ iK~~tg)~~” I

= U (a) e x p( iK (a ) t ) e ’ - V~~~y exp(i K~~~t )e ” (4.Zlb)y z g —  y x z g—

H ’[CX P (i K; t g
) .~.’ - exP (_iK~~tg

)~~i ] =~~~~~~~~~exP(iK~,~~t
g).~ 

(4 .21 c )

S ’ V ’ [ e x p ( u N ’ t ) c -  e x p ( - i K ’ t ) d ’ ]  + H ”  U ” I c x p ( i K ” t ) c ” - cx p ( . i K ” t ) c l ” l

V exp( i  K (a )  
~ ) ~ ~ ~1 ( a )  exp(i K ( a )  

t ) ~~~ ( 4 .  2 1d)y x a g —  y z

in  w h i c h  th~ m a t r i c e s  a r e  def ined with the genera l  elements:  ~~~~ =
- mn mm

1(q l  
, (N~~~) ~~~~ 6 , (~~(~~) ) 6 , 

( \ - ‘ m~q ) ~, (q) 6 , 
—

n u n  nni  inn ni-n t ‘ron t in inn y n-in yin n-un  y tnn y in  nm

(K~~~~ k~~~ 6 , where  the supe r sc r i pt may stand for  either the s ingle  p r ime ,

double  p r i m e  a or f and f ina l l y (V  ) = 6 k -
‘
~~~ p. a ’ ami d a ” a re  co l umn

x r n n  n -u n  xn — —
v e c i c u r s  wi th  the inc ident  TE and TM mode amp litudes at the z e r o - t h  posit ion and

ze ro e l s ewhe re .  b ’ and b” a r e  column vectors  with b’ am-id b ”  as the e lement  at

the n-th position , respectivel y, and similarly for all other column vectors .  Here ,

we have ei ght unknown column vectors to determine in terms of the given vectors fr

a ’ and a” from the eight vector c’quations in (4. 20) and (4. 21).

Equa t ions  (4 . 20) and (4. 2 !) may appea r to be quite complicated , but we’

r ecognize  tha t  those m a t r i c e s  w i t h  the s up e r sc r i pts a and I ar e  all d iagona l  and ,

hence , the solutions of (4 .  20) and (4. 21)  can be obtained with r e l a t ive  ease.  Sub- —

s t i tu t ing e ’ in (4.  Z l c )  and e” in (4. Z l a )  into (4 .  2 l b )  and (4. Z l d ) ,  we obtain the - 
-
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s u p e r - m at r ix  relat ion:

(F~~1 F 12~~~ e xP ( - i K ~.t g
) 0 \f ~~~~

”\ (F~~1 
-F 12

’\(exp (iK t g
) 0 ~~fc ’

‘\F ,~ F~~,)\ 0 e x p ( - i K ~~t )J \~d”) ‘~ F 21 F 21\ 0 ex P ( iK ~ t g )J\ c ui

(4. 22a )

w h e r e  t h e  F’ s a re m a t r i c e s  def ined  b y: -

= F ’U ’  -. - 
I 

H ’  (4  
‘

‘b )

F 1 
= 

~~~
“ V ”  ~ E K

( a)i  1 ~.(a)  Y E ”  ~4 i ) - )

2 1 
- 

~~ 

~ ~~~~~~~~ \‘~~~~~~‘ (4. 22d )

i i”  ~~~ 
~~ r l - ~— 1 

U~~~ E ’’ ( 4 ,  2 2 e )

1-u r t h er i n ur e  , (to rn (4. 22a), we obtain :

(dt\ (r 1~ 1”
l 2’

\ (~\ (4.2~ a)

\ J  \r, 1 r’,,) \~c ’j

(r 11 r 12\ (exp ( i K t t 0 \ (F 
~~ 

F~1~
’
\

”
~ (F~~1 

- ‘

i , \  fex p ( i K ’ t i o

~~~2 1 r22) ~~ 
o ex~~( iK ~~t

,1 )) ~~F
21  

F ,~2) ~~F~~ 1 
} ,~) ~~ t) 

- 

e~xp ( 1 K ’ t g ))

(4. 2 3 b)

Al te rna t i ve ly ,  (4. 20) may be r e wr u ~ten in the super-matrix form as:

(,.. p H’ 0 “m
~
(
~
“i + (

~H 1 0 

~~~ ~- K~~~~~ (1 o)(
~~\~ 

+ 
(1)

0 ~~F: ’ K;’J \c ”/ \ 0 t .E”K ~’/ \d”J  0 1 a ”/ 0

(4 .  ~ 4 a)

1
E ’ U ’  ‘-~ “ v  \/c ’\ fL

~~i \ t  s v;1\/ d
\ ~

, ~ ( f )  - “
~ .

‘5 ’
~~ \ /-~- ’\ ,

, - \
( I )
\ 
x\J’~

’

I I I t i  I 1 = (  II 1 + 1
\ ,S’V H ” U ”/ \ c ”/ \- S ’V ’ _ H ”t T ”/ \ d”j  \v~’ ’ \ u 1-~ /\a ”/ \~v ( t ) y ~,,( t )  

/ \b”

(4 , 24b)

‘4 1

I’ 

~~ 

-~ --, ~~~~ ‘-~~-~~~~~~~~ —- - ~:—~ 
- - ~.
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w h c ’ i - ~ I s t . i m i d s t o i  t h e  u n i t  n u . i t r i x .  E l i m i n a t i n g  b’ ami d b” l r c c t i i  t he  . u l j c c u  c ’ t w o

e’qu . u f  r u i n s  a i u d  i n v o k i n g  (4. 2 3 ) ,  ice’ obta i i i :

+ p u~~I ~~~~ ‘H’ s ”v ”  + ,  v W y IK~’~r

[ s ’v ~~ - 
~~~~~~~~~ 

i~ ’~ i - ~~~ ~~~~ + , t I ~~~~( K ~~~~1

( 

E U ’  -- t r ( t )
( l \

( t )
1 

~~~~~~~ c ;H\ ~~fl s ~~~~~~~~~~~~~~~~~~~~~~ r12\ (~~

‘

I V~
t 1 y I K ~~1 1 i l ’  ~~~~~~~~~~~~~~ l i t  t )

I k
( f )

1 
1

l ” K ”  A r,1 r , , ) ~~ c ”

o( 1 (4 . 2’ i)

U

t i u l l i  icc-h i c  h ui~~- ~ ,i i f i i m ’ t h c  - ci bt.i i n:

(c ’\ f T 1 1  “ i2V~’\
( ) -~j  J\~ ‘i \1’ 1

~22  ~~~ /
‘

I - if l .- t i l V .  t n v c u k i n g  ( 4 . 2  ~) m d  ( 4 ,  2 t u ) .  we’ u h l . i i n . f r c u l i i  ( 4 ,  2 ’ l , i )

,/ h \  1R 11 
R

12\f
a ’

\

~ J -~~~ I (4 . 27 .i )

~!~
“/ \ R ,1 R

22 
.
~~
“/

ii i t h

f~~1 1  ~ 1 2\ / 1 ,~~c p H’(  I r1 I 
— n ’r , 2 \( 1 i I i .~\( 1=1 J

\R , 1 R , ,/  \ r 1E ”K ~’l”21 1 + I f E 
~~~~ 

+r ’22 )/ \T , 1 T22/

u i - t i , ’ r ’’ the  f l ’ s d e f i n e ’  the’ i ’”fl e’c- I i  on c ’ i i t ’l  I m c i  ‘nt m a t r i c e s  t h a t  p r o p e r l y  take  i n t i

.n - c mn t  t h e  c u i t u p l i m i g  t i r t w , ’e ’n the  TE and TM mu id em s , I- u i r  ~m g i c i - e m u  p I . l n e  u i . l v e  l i m -

e uo ’n ~ ‘ , , i ’ a r id .t ’’ a r~’ k f l c c W i i . l I ) , ~ r i ’ f I e ’t f t ’rj h a r m o n i c  ~-m r n p I i f i u I e ’ s  i i i  the ’ •~ I c - g u m

u s  ( t , ’t , ’ r i m i m i u e ’ d I r u u n i  ( 4 , 2 7 u ) ,  I h e ’  I l i u u ( l e  a m p l i t u d ’s in t h e’ g r . i t  t o g  m ’ e ’ g i o u u  a re’

ile’ t e r m i u t i u  d f t - o w  ( 4 ,  2 (u ) and (4.2 ~) .  Them t r a n s m u m u t t e d  h a r m o n i c  a n u p li t i i d ’s a r t ’

t h e n  d e t er m in e d  f rom  (4. 2 1.t ) . i n c l  (4 , 2 1 c ) .  The fi~~1ds e v e r y w h e re  .m r e  t hus

e u u n u p i ~
- t e l  cc d et c  r nu i n e d
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fl. G u i n i , t n c e  of Wa cc -es  A long a Periodic D i e l e c t r i c  Wave~ uide

~\ s u t - t . i e - e ucca ve a l c u n g  a d i e l e c t r i c  w av e g e u l d e  nu a y be r ega rded as  .m p l an e

cci a’.. e be’ in  g b m euru c ed b,u u, k and I i i  i’th u i - u ( i i i  ru the cci ~m i e gui  i i i  em , .1 mc cI ep ic  ted m m  F ig  - 4. 4

t c u r  a 1~~ - i - i o u h u e  u i t e ’ I e ’e t  t i c  ‘ci i i  e g u i u i l e ’ . flue ’ m c i  , i t t c ’ m ’ m f l g  of t i m e ’  p l a n e  ucc . m u  e a t  t h e ’

uipp e l’ s u u r l a e e ’  it  t he  U f l h L c u I ’ i T i  I a - u, e m , 0 , h a s  been a n a l v 7 e ’d  ui - u h i t ’ pm ’e e - e ’d t u g

~~c ’~ l i o n  and  t h e  s c a t t e r i n g  hi- the g m - eiund p la ne’ at , = — t
i

. t s  a t r t u - i a I  p r u m t i h ’ n u  (h a t

i c ’O c l  u u . c t  he ’ d i s c u ssed here ’ . M a k i n g  cisc  c i t  t h e ’  k m u w n  r ’ s u i l t s  ~u t  t hes e  s e a t t e m ’ m n g

p m ’ c u b l t ’ i m m s . \‘ t ’  .1, ’ f c ’ m i f l h I e ’  t ime m l u s p e u - s u c m n  r e ’l a l l c u n  t c i m -  t h e  pe m - u m i d i ~ d u e ’l e ’u , t t ’ u e  u i - au  e

u t  cli’ -

R ’ t c u ’ m ’ u u i ~ t c c F ig  4.4, m t  ~ O . t Im e’ u e ’ t l m ’c t i on c u c e ’ t t i t  r e m i t  i u i . u t m ’ t x  c u t  t i m e ’

cm - u t  n c  I i i  t ’ r i s  c h e ’ t i f l ~’u I  i i i  ( 4 ,  2 7 ) .  Nouu - . I m m u a g u l i t ’  t h at  a set c u t  uu~ u c l e ’n t  p l a n e ’ ccv . mcc m ’s

c l I l t’ . t ( t  t - m ’ i , e i l  m c , t h e  ha  l - I i a m o u u ,  i u m i p t i t i t c l e ’  i c ,  l i d ’s a ’ a mi d ~ i u s t a t - I s  p i - m u p a g I t I m u g  I I I

t ime ’ t c c t ’ c ’ c , t t d  d i r e c t i o n  m t  0 ,  W h i l e ’ t i - a u  c r s u u m g  t he  u n i t c u r t u m  I . m u - e r . t henc e’ j u l a u m , ’

ii t i c ’s ui - i l l be r em f I  e’ e ted h ac k and f m u  m’ t iu h u y  t i m e ’ g t- .u l u n g  and  t im e ’  g r u t i m m d  p l an e  - Si m e  0

u n m n c h  p l a n e ’  i s  t . i k , ’ uu . I ,c , m 1u , ’ r t e ’e (  c u i u l u h i u ,  ( i i i - , the t ’ e ’ t l e ’ c t m u u m m  m , u c ’ l l u u  t e n t  l c d

ccc c i-  v ha r n - u t - u n i t  is  equal  ( c i  — I . 1- ui  m ’ a g u i d e d  w ;lu -  t , the ’  ha m ’ t m m m  i i i  u ~~
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— I — j  2K~
1
~t- 

~ R 1, e’ z I

- j 2K~~~t - 2K~~~t ) = (4 . 2 ’~)
a t  - a t

\ R ,1 e’ I + R ,,e

w h i c h  is the des i red t r ansve r se  reson ami c e’ r e l a t i o n  or t h e  ul i spe’ r storm r emla t i e m n  1 c m  I’

th e per iodi c - d ie !ectr u - wav egem ide .  I t  is noted tha t  t h i s  is an enact d ispersion

r t ’la ( u t - u i - u  t imat  app lue s to pe r i e u d i c  di d c c  tr  ic wav eguides  c u t  a m m cc’ s t r u t -t a ra I pa r am n e t  er i c ,

i n c l u d i n g  t h o s e  c u t  g r a t i n g  a n t e n n a s  fu r  m u m —  wau-’e . tpp h t c a t i c i n s  - A t  so , f o r (t ie ’

spec ial case of normal incidence , i t  can be shown tha t  R 1,  R = 0 and (4, 2cu )

u s  then reduced to the two d i spers ion  re l a t i c -uns :

- ‘  2K~
t
~t -

d et ( I  + R 1 1 em 
- Z t ) ~ (4 Wa)

- ‘

det ( l  + R , , e ~ I~) = 0 (4 . W h )

f e u r  the  dece mup led TE and TM modes , r e sp e c t i v e l y .
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Theory of Periodic Dielectric Waveguides
S. T. PENG , MEsts~ 1u , IEEE , rHEODOR TAMIR , S~~NlO R M~~% tB~,I u , I~~EK , tNt )  h ENRY L. BI-~R ’P () NI , u i i~u t i t c i c ~ uer - i - .

f bs (vact ’—’I’he propagation of e1.ctroui*gn.tic wave . along open a ssuml i h ut  i , , im I hun t i c , -  gram mug i~-r moih i , - i I  : i c t ”  ic- c c i i i  v ii

psetodic, dl.I.c ~ (c wav.gu_tid.. Is for~ ulat.d hire a. ~ rIgorous -. t m i i l l  i, , ’ r l it r imumti,m,i t i t  i ‘u i m l t i g u m r r m t u c i I  t i t u t t  , i t i  1110 i l c - , u ’ I r , , ’
ins .zact bO1lnda~y—va3u. problem’ The cbiracterlitlc 5.j d •olu— cii (lit ’ gr a t imu g.  fl(m(ft ’~l r— it ,- ii p lmen mur tum u lt iirt ~ , ‘ r m ’ ,t ti u u - , l t t m m u
tioe. an, shown to be of the sw -f ace-wave or Isaky-w ~v. type,
depending on h. rati o of p.ni diclty to wavelength (d/)c). fl• [2] , [3], [s]’ [91]- [ I I ] ,  [12] ‘l ’lm t ’ - m i I ) I c I c u x t i l u u i t u c m m i  ~t~-kh ~
~~~~~~~ ~~ ... ~~d th. .pac.—katmonlC ~~~~~~~~~~~~~~ of these good re’sults only (i t , ’  is’riodu- ehmui ig e ’ m ” s t m t h i u im i m t  ft
fields are .Iamnmn.d tot both T~ and TM modes, Sp.clfic iium.rlcal smual l , so that  i t s  USC’ t u u u t \  i>re shcft ’e ’ , - rr om u , - , i mc - I- i ’sUi t ”  III
.zampl.s at. given for the case, of holographic layers and for moan prru’t ic ’zt l ‘ue,’cc’S , ’.tie ’ ii :ls th ic k c-ci rr l lgcmtm’e I gi c I  l I t ~c’S
rectangularly corrugated gratings ; the.. show the d•talled b.havlor luavi i t g grc,cn ’c cle ’p t it re ecu m i t p a r uu lmle-  t o  t i n -  ii ut u’e ’t , ’m ig t hi
of the prIncipal field components and the dependence of wave-
guIdin g and leakage char -’ erlatica on the physical para*eters of [13], [14]. A mmc i t i i e ’ r  lt~lpr e) ximmla t Io m i  ha s  h,’emt t im , -  us,- of it
the periodic configuration. Rayleigh assumption which j imeorrert lv mm eg t o-t mc t ime ’

presence of incoming waves in the grating r(’gtomi [2], [4],
[8], It has been shown [10] that this Rayleig h approxinia-

I .  IN TRO DU(’TIO~ 
tion tnay also result in serious errors ti the ’ peri odic’ varia-
tion is not sufficiently small, It should also be pointed

T~~H l N - F l L M  structure-s containing a periodic variation out that nuost of the previous studies have ’ developed th e ’t r
along the fil nu have recently been of eonmcid , ’rmuble ’ atualy siue iii the ’ c ’omm te ’x t of spee~rn1 cases, which usualf ~

itmt,’rest in imute’grate’d optics bee’ause of the’ imp or ( ammt role ’ inv olvu ’d miot nmore’ t lma i m three nmat eri als or layers ; fart lt er—
they play iii applicatiott s sitc ’ h as bc canm_to_ surfmucc ._wave more- , SOflie’ (if these st udies eeunside’rpd modes having one’
couplers . filters , dist ributesi feed back amp lifiers and larce’r-s. polarizat i esm einly (usuall y the ‘I’E type ) r at i t er  th an bot h
nonhmue ’ar ge t te rmct in mm o(secoimd tuarnmorti es , mend hc’ttnm refh’c— ‘I’E sod ‘J’~ I fuc cIar izatic ;nic .
ti omt or st ,’e’ r tng ut -v i,’c’s of the Bragg type . l’he’ periodic ‘I’lme’ ato m of this pape r is to deternuine the wave’—g ui chm n e
var iation is uisuahl obtmiiime ’d by m i m e amus o~ mu diele ’ctri e’ properties of a very inuportant el~~ cii dielectri c gnut i tu t~’c
gra tim m g , whi e’h is superimposed onto the uppe’r surface’ of a by cit i l iz ing me rigorous approach , which was briefly report ed
layered comu fi guration . This dielectric grating is in the on recently iii the ’ specific coimtext of modulated l*yers [6]
form of a low-loss layer whose appeara mmce falls into one of and corrugated grati imgs [13], [14]. This approach does
two (‘ategories : 1) the layer possesses parallel planar not employ tiny of the’ approximations mentioned above
boundaries and its periodieitv is produced by a longitudinal and it i-atm be generaliz ed to practically any p lam m ar diciec-
modulation of its refractive inde’x (e.g. - a bleached holo- tr ic grating. The genera lization is accomplished by first
gram) - or 2) the layer co ntai mms a homogeneous nuediuni conueid erim mg bot h TE amid TM m micmd es in a i-anomie cemn figtmra-
but its u,per boundary has a periodic variation (e.g., a tion consisting cii a perhxlie layer bounded by Iii , dii-
grooved ~*otile’ cmb tained Liv e’tc-hiiig) - Iloth types of e’on— fere’nt nm — di me the amual ys i s is tin ’re ’afte ’r exte’ndecl t , u  ‘-t rue—
struction of the ’ dielectric ’ Iaye’r are covered by the analysis turt ’s with an arbitrary imun iber of layered mime -di n , c c l  mu in c- u
preseitte’d her,’ the gr st irmg configuration s exanti,m ,’d in t h e ’  past r~-~’ri ’sent

The operation of devices containing a dielectric grating special case’s. A simuu ilar rigorous analysis has beemm report ed
depends on the properties of the electromagnetic fields by Neviere’ ci al. [10], but their approach requirci- a
guided by the structure. These fields appear either as ,‘ur- muumcri cal imutegration which mar introduce ecrt n im m in-
face waves , which travel parallel to the stru ctum’e , or as he’rent disadvantage’s. Although computer e m ui ru l tu l t mu mm s
leaky wave ’s , which are guided by the strw ’tur e but radiat e- t ony still be nee’essary to aehiei ’,’ im ighlv mte ’e’urst ,’ r,”- utI l ’ -
or leak energy cont imuuous ly in to  the exterior regiotm u e . B cm th w i t im t im, ’ nmcth e~l pre’se’ntcd here ’ , their prms ’t summm c - a t m  I s ’
types of waves appear as characteristic ( free —re ’seut mamit easily at me l uei’ste’matic’nllv cuhu tmtitieel ( e m arm y ele’sir , ’e t ,mrmj , ’r
meolut ions of the hounelary—va lute problem prescribed by tim , ’ i-’ic rt he ’rt m m cm re ’ , the ’ solut h on ms already in scn’it a t cirn m t hmt t it
thi m m— ti lnu e’ommti gurations. Such problems have recent lv bce-ti l , ’mt ds itself rems1tl~- t em p i m ymct c ’u ci im it . ’r t mr eta t  i c mmi ’ . t mu t , ’rimc ’ of
e’onsidere’d [ I ]  [14] in the ’ commt ext of se’ve’ral spe c ific ’ the ’ e’ tT,’,’t mc due’ to t ime ’  tit ,hi ‘c u - iiai part hat spaee’— i t *r m i m e -t im , -
str mietumre ie , but nicest cmi the imuvesti gati onme have etmmp leuve’d tie’Ids
appre mxii m i at i e ’n s that are too restrictive for lm mamm v practical I”or su rface’ min ve ’s m u mme l Ieak~ ut aves supj~ mri.’d l,u ,1,,-Ie’e -
cas,.um . ‘[‘he’ Imm or e e’onhrooi m apprc’xintation has been the tr ie ’ grating s , t im , ’ t w o  a,wpes’ts of greatest inter est arm ’ t i i .  hr

d’im’ipcrucion curves and the amplitudes of t heir space
MSOUSCfl9I reeusysd AprIl 2, 1974’ revIsed Jun. Il 1974 This harmonies , The dispersiorm curves dictate the proper cciii-

woth WM supported in pant by the (i S. Othee at Navel I(ensarch, dition s that must be satisfied for effective operation ofunder C-ou tran N00014.67-A~O438.O014 arid in part by the U.S.
Joent fisrvme. Electronne ~~~~~~ ~~~~ ~~~~~~~~~~ F4462o.di~4~ 

any opt ical device employing periodic thin-film wave’-
- guides . The space-harmonic amplitudes dctpnnin,’ cm het her

The iuthors en, with the 1)epartmoumt of Electrical Erigin.enmmg (hue desired interaction ut efficient or min t - ‘Flu’ elr ’nu ’mut ionand Electrophysir., Polyt .chnic Institute of New York , Bmo~~yn ,
N.Y. 11201. atmd calculation of both the dispersion curu- u- ’ maul th ~

I 975 ,by th tndltute jectricajand nksEngfmwer~,Iic.
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I c ’  ice ’ t me y s i r i t , m e t  mm i tie rc-siwt’t t e e  th ,’ ~ e’em e ir e i ime tete , h e  - 
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i c c . ,  I u s e em , u m c l  u’ ,’d ins~se’ss t ime pen mm te ’iei u iii t Y u, of air I vaei.iui nm iu c e uii m tl m c r e’ceii el it Ic mi t s  ~l I e ’tem ’tc i mel ,‘n fme m ’ , ’ SOd ti11 pe-n ieeciie ’
steel me h u t , ’  ele’pe’nde’mce,’ ,-~ p — m~,I is smmppresse’d - If time ’ c’etti ej i t te elis e r m m p c  ,se’c i l iv ( hu e ’  grit t ing ‘F lee’ mnd e’x u uriele’r time ’

- ru - m di ,  - la~ u -r t s abc’q’nt , t i m e ’ tie ’ld e’ei m m m pm mte e ’m i t s of charnel e’r— seui m mn m mm t tea m 51~~ e m ’ - m et ie le-ns t om me l I , ’  ru in ,m u - e -r se ll u- st l im e ’ —
- uu me u t ’ —  in t it , u mti fe  ‘rt m e lte~e’rs itPl me’s r iii t im , ’ fo r imm ci — 0, I , —t ,,~ - - - I l i u m ’  e’, mm ii’ , m m t i c em e h e m  mug I’, ‘ t i c  cut c ’el l h m m ’ c mmti ~it —

out l i e u — . i m c m r k  l i e ) ’ —— cmt im , ’ru i u —i - — t : m i u - ,i ‘Fit , ’ c l e u s t u i l  m l , , -. I ,,
1.~~’ ‘‘ci ’ [ i i  , i 1 , : ‘1 I I I  are re ’Imet ,- e l  i i ’  t h e m ’  h’t i m m ci sem m ee t t t s,I  lme t t e ~t t m t , I t m i s i I  i t ,  i c c i  A ,m_ i m ’ m

cm I c c - i ’ -  i - m - . m m c - u u m c s t u e m u m  u u mm e (  t he ’ i ” l eme 1m ,e ’I e’mm mm e iml mcc i i

i- ,’ + [ A , ’’ A t m  ~~1, ~~
‘ A , j,:,~ ~~~~ u! ~~ — tm - I I i  ~

‘ ... e , - 4 m

l i e - ne ’ A-, — 2t -‘ is the ’ p1anu’—s mcvi’ pnempagmut leiti factor in i tm ’ u- :e u u ‘1 ’ F -1  1.: tm ui i mc t s:e I t — l u  t he ’ I I~ ‘I i i  i i i ,  mIt  7 u ’ i l i u m
slu r u- mi m i i e u m t  u ’  ti mid t h,’ t m itie ’x .i rt’fe ’rs t e e  the’ ,jt it mcel iuimt ,
cc m l i i  ,j  — em air 1 , I A h i li um 1 , or a (substrate) - ‘l’be’ quantity ~~~ I I . , ~~ , 0 i .‘m

- is l i t , -  nu ’ lme f iv,’ 1w ’nImti t tivt t ~ eel the j ihu mexliein mm . let the - - -

*hms eiee ’t’ e,( nh iteorpt iutu and scattering ~~~~ unj feeru i ~~~~~~~~~ ~ ~~~~~ ~~~ ~~~~~~ t h e’ dispe’rsiott r,’t m et m m m i i  i ~
‘ -

la yc-ree l str uctuar es e’ami support surface ’ waves that lireltma— - -

- giet ,’ withe tu t utt - temmuatiun alung , and decay away from thtt g8 A ,,’ ” — - t 1 A .’ - A ..‘~~‘ I

t I
-~~~
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wh e’re- t imt ’ sign in I ’ m - is t -h o~vti ito that , f u r  real values of eomm ~i—t , of very small periodic perturbations of the layer
k ,, ~,, - us either posittvm ’ r ,’mu l etr Iu~sitive ’ imnag itmary. h o t  that supports the surface a-ave. Hence , as the m ’um r la e ’, ’
c ’ m ’t ii p lt’x values em f L- ,,~, h owe-u e’r . t i me’ c’hemice of sign is givemu wave’ enters hmm te u atmd progresses alommg t im e gnat iuig pant ic em m ,

It) I , a,s disc-messed Inter . a v, ’rY small amum o un t of field scatt, ’r ing em ccur s at e’verv
~~~e ’ Oh)$e’r ’c’c’ ( heat e’mie ’ii l it ii part t e l t,, ’Iel in :‘m’ ui m n v he’ pent unha t icet i ,  Hi-cause this scattering is very mm’eak - ( le e

re-ganded as a mesh ’ wi th  t r um m ems ’,’e’n —e ’ vstnim ~t m c mii e’xp I, mk ,,: 1 surlaet’—w ave ’ field ti m the gra t ing  region is , (e l m se local Sc ’s,! - -

alon g :, cub it - h propagate ’s smi c en g a it Ii a pncipagation ess,’ntiaIl quite s mi mei l an  to that  mm th e ’ r t on tp erhm dn- I: ~~. 0)
( secto r k.. ,c h ence , wi thin  , t i m - i t t- _ I  lm mm ’ki me’ss lever (such as portioim . Howeve’r, if the- grating region is Icing, time e’lme ’ngv
t h a t  of t im i e’kme , ’mes (j  in l”ig. I - 

- ~cm tlt signs rim ( t i  I ntmzst he’ h ’ake ’d by ‘eratte’ring add,’. up I c ’  a large’ p ortion of Ibc’
ac’c’u m u mmte d (on because’ th e ’s r emer t c m  waves that travel emie ’rgy brought j i ete m the gnati img region by the imicide ’imt
al cmtt g t hm e ’ -i- : cur t ime ’ —: dir e ’ c ’ttc e m es lit s in - l i  a ease-, each surface wave. Because’ of the’ n.’gular placenuetmt of time ’
smt h ternu in A 3 inelu dem-e (t i c ’ separate’ eo nm t m c dl1. ~ it s , eune seattcre’rs , th, ’ individually scattered fields interfere con—
, see’ im (on t hi,’ +: mm md — z elireu ’t i c c m i s  I im t im,’ c p,’mm la i r  :cle( l st ru ct ively c m m m l v  melcm im g rert a imm pre fernu ’d dirmu ’tj otms aimd I lie’
sulistnitt i ’ I negicrns . em t i m e  eit iue ’r haimd , it i s tte’ce’ssarv tem le ’mtke’d emm e ’rg v appears iii time ’ for nm of be’amums t lim it n a e lm :et e-

ret meu m u omd~ tha t  con mp omm e ’Im t cc hose’ eme engy flouv or elet’ay at anmg les 8, i~, ‘cm hit - h are’ give im li v
ms act mm frc mi  th , ’ st n it c- t tire 

t m m 8 1,1 — A’ A’ c ’
I ( t h e ’  gnat imig Iumv er is suu ffi ce e ’mit lv th imu ,  the ’ ft in d~~m ’mmtm ’cl a -

p rem p smg at it mmm (m ci -t o n A- ,0 is ye-ny e losel y ghv c ’me by time propa— Here Ø,,i , c isa real amug li ’ only (cur re-al values cd’ k ,.c, ,~iomt g
gmu ( i ,m n fae’tor a.,. cml time- surlat’t- nave ’ emmu time ’ ummi lo nmmi lay — th ese  re-mel amigles O.°’ . atm e’nergv flux appears in the ’ fec nim e
e-resl —tr u etur e ’ (w i th no grati tmg l - .-~Iso, the ’ fields eel tim e ’ ref num di tm iem im in the air ( j  a )  or in the su hm st ra t e ’ (j  — i t )
lu t mdu m nme ’imta l ~ui = 0) partial wave are evanc-s ee ’tmt wit  I t re -g iemn s .
res lue ’,’ 1 ( c m  h i m  tIme’ s i n  amid stmbst rat’- re’giomts - Ihccc t ’c’e’r . ‘(‘t ee’ fe rc’ge eing a rgu imu e-tt t ir mtp l i ,  ‘s thai - be’eieusm’ e ’mmt ’rg v
u -vt -mm a v e’nv t h u m  gnat l u g  re’quireme the’ pre’se’ne’e m u alt A ,, to l ci — s em et - u u ns dut ’ 1 m m  nmtchim et I m ul i  - the conmple’te’ guided hu ’lcl
-ms l u s h ’

~ time ’ appropriate ’ bemund mc rv c ondit ie mm e m- - ~or st t c ’ , me m mc t msh  de’c’mi ~ w i t h  x as I t  prm gne’ssc-s ahc m m g the ’ gr :u t imu g ne ’gmcm i m .
I h m i r m gnat h ug, all hmighc-r (H  � 0) coefficie’mets F,’’’ g,-nenit)t , lit- tic ’,’ - t In e ’ p c ’upa gmet jem ti fm et ’ te m r A ,~ 

mt lom m g lii” gnat m u g  regm-t mt
~U m ~~ d ’ S  m c’ri ,-eniall imnegnit ueit’,’e . N ev,’rt hc’lt’ss, se mmw’ cml ci um mmmot re ’mm ma i t t nr c-I c- real hut - emi s t  ,‘atl, A- ,,. m~ i- immetc ge ’d f ncmmti
l i i ’s,- hi ghe’r emre le ’r partial waves may mcxh if s th , miatur t ’ time ’ v al m,te ’ ,tf , cml ( lie ’ surfac-e- ‘cc m uv , ’ tee mu cemnmpl e ’x v u m l t t c - We
c- f th e  guided wave’s . This is seen frcmm (( ‘m l cm lucre , if we’ I he’ne’fort- emhilutiil —

assume’ that  k., — ,~,,,, we find I-hat k ,,, .’ mmc v is’ real (icr -
- - - - - - - 

- 
- A- ,, — 4- ma = l c ~cc + 2ii w dl -f to

j  — 11 ,8 if a is negative’ and the pcruodec -i t v Ie ’mmgth d is
sufficiently simma ll . In the air and substrate regiommu e , a real where’ the ’ inmag im m anv te ’ntm m a > 0 is respemimsible (dmn lIme-
value for k ,,i , m implies that the uth field component decay due h e m radiation leakage’. We ’ note that ( S l  indie’ates
propagates along it . in ee mmtr ast t,u the lumeelanie’mital that the leimigitudinal dec’as’ fae’temr a is the su e r m mm ’ (cnn all cml
i ‘‘ stirfac ’c—wave ”)  ecmmponent n — 0 mi-hich is c’vanesec’mmt the’ partial ti c’ld cotmup emnentun itt (31 , as re’quired I m ~ time’
mml eumm g ‘r ime pn empmmg at in g titli m - eutu m pom me fl t at-commits for 1-’loquet condition < 4 ) . Evide ’ntl~- , ( I ’ m  I inmimlies tha t  A ,,’ - -

c ’ ue erg-v that fi ,nm s ica’ay fronu thee ’ structure ’ , set that time is the im else’ cernm ple ’x . so t hat
conup lete field given by (3 )  is then no longer a tru e ’ surface A- “ — i n ’ + j (c c
wave’ because now not all of the energy flows parallel to “ ‘ ‘I ”

the z direction. We now note that , unlike a , the t ransverse decay lac te m r
The foregoing features may be clarified by considering ~~~~ ‘> is generally different for every a. It 18 also important

a surfac e wave incid ent from the left on a uniform at ruc- to recognise that o is small in the ease of thin gratings
l ure , as shown in Fig, 2. For z > 0, a grating is superposed (i .e . .  small periodic scatterere), but ~. may be large or
i m u i time ’ stru cture but we nm im v firs t ucssttmne that this grating menma ll depending on a. Because k,.i,~ is complex, t he- square—-

root sign iii (61 niume t be’ selected to satisfy ’
(lot 1-.,,. boss.

ci ~~l’f 

~ o as $ ~ 0. t l f l i

Because a-ave’s geiidesl by iu ’r icxhie struc tm tr , ’ s ge- m ii ’r mehI ~
csod~~ -

, 
- 

- 
/ contai n radiating field ceimpoimemit s , t hese’ a aye’s’ and- nec

- ~~°“ longer t rue’ surface’ a-avecc ( mm - % th A- ,0 — retell , l n sm ,- mecl ,  tht ’~— - — ~~ 
-
~

- 
~
. ~~~~

‘ are’ refe’rrt’d to as leaky wet-c’s (with A-,.5 e’e eimm im leo 1. ‘tI-

~

‘ \ though these leaky u -ayes a cre’ dexecritwd aimt mv e ’ in t e ’ rumum s c-cf
mu mma hl periodic pe ’rturbatictna, if should b~’ e’i ’hih ’ r tt  that -

c

\ \ the foregoing argumen t also holds for large’ pc’-riemdic
ieeatterers becawee the alec of the perturbatiemas affects time’
leaky waves only quantitatively. Thus the leakage’ paranm~
eter a and I-he higher order (a ,‘ 0) amplitude s p,, ’ are

Fi~ Surf r uve inc’ m~~~~~~ m m emfl 
~-~~~~: small only itt  the ciese ef tetmill perturbation s~ as the ’ u m se ’

j,c, Ij , ’uly modifies tim, surface-wave field b~r lesking be.nue at
,,mt les 8_~~’ in the air and .ubstn,te re~iona ( j  — ci , a) ,  Fcir eIant~,
m mml v ‘mne’ .mic’h basin I., shown in each r~~ion The arm-ow. ac~~~~~ ‘ This ebemior r,q,uuiiis aim smmalytic’al coimt indeatlcumm argccn mesmt fc’r
energy hic t . .  49 k,,,,, a. disruoseid in I2.~I . —

_ 
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~~ Id - 5 ’ ~~ *,  0 iNCtiUt oo , i~ T i c M N i Q V I I , a~~tet’ eet t97!i

-
, t i f (he ’ scatten*’rs imme’reauie’lc , ,e amid F,,’-” gt’ne’rtehlv also utm - a-hem,..’ elements are- defined he m

r . - se—c - m u d  time’ overal l Ic-akage’ e’ffect beconme’s nmore pro— 
*

m ( m ’ u i m m u ’ , ’cl 
t’., — ~. P, 1.. J o t  I 19 1

The’ mm ml e ’m u i  of tim tTe’re ’iet mcI e’c (eea ( i t -mi ’  ( I s  e iear sc l e’nmsc,.
I i i  t ’H.’tR .’t (”FERl~ TiI..’ FIE1.1 s IN 1’H 1’ t he’ c’cmupltm igs beta-es-ui all oi the ’ sp*ce hart - imtmn ic ’um iii thee

,I ( . ’t I I  \ • llI -~ ,1ON grating ns ’guc eti ~~~ a result m .(  th is  t ’emii~ehuug, t h ’  war ie t i cen
I’ . timi d t i m , -  t ie ’ltls un i t p l u m c r t  c -ti lm v the emit i re’ t h i im — tm l mmm wit h re’shme’e-t 1 m m  cm l time’ cc Cue’s’ is c’e m m c sieierabl’c mm Itm r e ’ - ‘m i m i c —

t i n  rc ’ - i t  u— me e ’m ’ c ’smsc r ’c mc ,‘xme t i  n i mum’  the ’ c-haract c’nis( it - plie ’a( eel itt thee- gimit u meg re ’guc cmi t ie mei m ume *mm ~ ccl t h ee ’  t i mo f ,mn t l m
- 

- cc cv ’s c m i thee ’ l m ,~m u c m mlum ’ lave’r, mm-hmiel u u-ill be’ he’mme e’forth lriv e’rs . 1’o c m m l v e -  time ’ ccmp le’e I mu s’Icnmm of detTe ’r , ’mmte al e’qua—
ru ’lc -r rc -cl t i m  s e — t hi , ’ grm et i i m g re’g ie mlm - As t cu’o—dinmensional lions a it  in c’onsticnt coeffic’ee’mit s, a.’ nme~ ass~it u m t ’ a st elut mcmii

, — i tu ‘c C r t n em nt  I tie ’lcls t ’meu m be’ elet ’d niepos e ’cl h u t  cm i’ E and ‘I’ \t of t hit’ formic
U scumi ’ - 5 - t lit’ ~il  mmx ci e ’tt ,‘eluat iemlts  fm m r thee-  betel yc’e’t curs can be’ q — cow ~~~~~
r ’’c i i n c uI  1cm thee ’  sc ’al m cr ,‘q ut mi t  u _ - t i

- mm hut-re ’ ~ is mu pm’s ch aR ne l me me t e’em mms l al it *ilt m u g  u n  I he’ gnat m u g
~
‘ 

~‘ l,~ i t ’ ~ — 0 ( I I )  re~ ieuit, and c is a c’ee tm s t *m et ~‘ee’t mr (t iud e ’p e ’tm di e ’i e( tc f :1 -

imt ’ic k~ t is no Icemm g c ’r a constant as 1mm ~ - We SuL:’itu temi g ( ‘20 1 into ( lS~ - a-c’ eihtain s sl e ’m me cml lim mear

sh all rest n e t  the ’ lm r e ’ se- mmt cI ise ’uss iemtm to gr me ti mmg s of the’ type ’ Imomogc “ditite c ’quatioims
ueh emwmt tu e  i”ig . 1 < a 1  amid lm - for ahich kt (:) is te futmcti e.mi i Pc — e’c (21 )
m m ( 

~~ m m t lv  - ‘l’hc’ proce’dure ’ Ion exte’imdimmg cmur re-stilts to time’ - -

mmi , m r, general ease’ haying mel-ecu a de’pe’imelence’ , as ~ tk- w lm u i ’hm st tet e ’s th at  o~ is aim euge ’im ’c ’a iue- of the ’ m m ma t rm x P. We’

m ’ -- - umu I oz I ‘ C - - , i’ eiise’ussc’d la te-n in Sect ie m tm l i l t ’  The ’ therefore ’ obtauti the’ characteri stic’ equatiecti

nc  st ud m mmmeg t cii mc’ tie-lets £ cued H, m eted time ’ pue r aumt e- t i-n del [P - 
~1] 0 -

r mine ’ then ie pe’e’itme’d as fcmlkm wu e . ‘ ‘ ‘ ‘ , -cm-here’ I is ii ummi ( nma (n ux of un fn mi ite ’ order. Let o,..~ be’ ate
- sim m eige’mivalue ’ ele te ’rimm itee -ei fremim i ‘22) (ii, ’ e’ cmrr e ’spe imte iim ig

e’ige’imvee’tor C .  ) ut - il Ii e ’ l e ’mm m e ’m e Is  c’.,, I o h m  t tie-mm hu e ee l m I m i  j mme ’ el
A’ — y. F ~nd H — — !_ r x £ 12 1ev scelvi tm g t lie’ m ’s unt em of I imm t ’ue r lee etm mc egt ’i em ’em u s c-qu :il i ,e mm s

(‘2 11~ F’rcmt i u (20 ’) , we- I huts leave ’ a pain cml eige’ tm semlu t idm ims
— A~ • t  I t )  q c 1 . c  — c e’x~m t i c :-

q~ - — Cs. e’xp ( — cc,,. : - ‘2til m i

H — ~ 
- F m e mmd A’ — ‘

~
‘
~

“
~ 

V X H 14) ‘L ’lte ’ sign i -I  ,, is chose-n aece mreiiim g (em <tfl cml <IO n - ‘l ’hutis
th e + acid — sigtms mit q.’ ‘‘ ): ne-pre ’se-mtl mimic - c-s that

— 
3 1.’ :1 1’ o ’’ n :~ _ travel mi h er mg the ’ pe -st t i c - c’ and tm e’gm t mc ’ ,’ eii r ec ’t ie 11iun c if I lie ’A- ‘f i l l — I I + - - - ( i , m )  . -4 L. e < x ) J  ‘2.( x) : axis . re’spectuvc’ly.

‘ti m inspect iemmi cml ti m e ’ m im a t n i x P re’ve’ieIs I heu c l ( lee ’ e ie- te ’r—
ii i ’r , ’ 9- is a u u mit  vc ’u t cur uiio mt g ~ amid e l  z de ’umo t e’s time ’ re la— m m mit mat mt j ti (2 2)  is emf t ic, ’ lu ll type ’ , scm I hat t hie ’ e ’igc ’mmv mil uie ’s
t i m - u - I m e ntmmi t ( i ’c~l( m n I Ic , - gruel im ig region - ut hem se x—eiepc ’umei e ’te t ~~ mmmi v be e’valuat e’d h u m -  a jue lie -iceus (ru n e- at ion cmi t ime
be - heac ’ior is el es c ’u iss , ’ei further below in liii ’ context ~~ de ’tc ’r tmm inmm mit - it ’, e ’x (e ’tme i iml g 1c m tIme ’ t u r d- s e-mit m ’m cs c ’ me the -ti re-mn
s ’um ’, - e li , ’ e ’xai m n p le- ’n - em it iu mt im mi t e’ eie’t en n mi mmau mts [I ‘i ], ii, ’ t i mi d I he a t stut ’Ie a I r um me -a—

‘ t s  I m i chim ’mit , -tl h oc ( I I  1’u ‘ - m e key s(e~m 1m m t iuc d im mg time ’ ti omi is valid premvicle ’d
e-ii ar aeten is( ic s ’te luliotm F, — F , ça- ,z i in the- grating regicmli 

- ‘ - s— ’ -c
rc’c p umre ” n  the ’ slmi ’,’i t i e : u t ic mm m of k (j ’ I via , ( y I  - Beccuiss’ .(z) j.~ 

I k,m ) k,’p . — ~,• — 
~~‘ > p, < ._ 4 )

- - - ru - ~c j i c  A .r - - mi mi I - u’  ge’m me ’nmihl c- represcuil t’d h uc a i-ouric’r
“ru ” seech (hat 

- - uu-hich nmuu s( hold for a - > ~\ - a-here’ .\ is a t um u lt’  pecmcitive’
integer teleci time prince’ iii the’ suuminmat menu utme ii e ’mi t es that the

A n ) .r - — A’~
t 

~~ p. c’xp ( e’2ou si ci ’ It) I e’rt im m — ~ is e’x e’Iude’d Bet’atise the ’ 1,’ft — Ieme mmc h —mdl , ’  i i i  ‘2
is pre m~mt c r 1 iemn ,e l I c  - te — for large- I te cml t ime ’ rig h t —han d ‘md i e’

cc lie-r e t t im’  t ’ . m e ’t hi m ’ie ’m u I ”  p. mere’ kt n c m mm - t m In ‘r mc giveti gnat 11mg - is inde p e ’mi elc ’mmt of ci ,  t ic , - aim, ci’,’ ue utti e- ie ’rm t t -t .t iel i t , ,  e m, u — ‘ s c u m s ’
l m ( e ’ c  ~ iu ’ mi t s i k u ’ tie- il ml I t em-  l ’c c ei nue ’r se- rut ’s mn ( 10 ’  e’eim uu - e’rge”e ahi’- t m l t i t e ’I~ If

- ( i i  u ’ u ’c em e , le I , u m e u s u c t ut  sat usti e’el - ee l lie-n mmmcl henm at te al l e e - h e —
— \-_ 

‘ r n - e_ ~~ m ti, ,i’ - ( I , ’‘h - — - I ‘‘ mm c c l i  i t ’ —  fe t r elm-I .- nt niie im m g the c ’hca m’ mu c ’t m ’rm ’- t it’ ‘-t ’I e mt m c ‘mm ” t i m I lee
gnat iumg r e-g iemm i hem- c’ t e e  lie’ m-n u p loyeml - 1 ,-n e ’ \s i mui t c le ’ - ft -cr

a lu m- re ’ A ,, mi m e — eletimme d i m m (‘I In serting (his rlimrese’lmtatiOn gratit igs of the tups ’s shout-u iii Fig. I i m i  amid (c’ - ut-c’ mmmcv
l uc t  c c  (II - cue teb taimi (he ~vs e’n m of differential equations re ’ccmr t 1cm the ’ ‘ntel ut j e mn ~f a bcmmutm darw—vat ue ’ probletum (dir an

individuual re-il of le’tu gth d, mis referre’d to iii Section I I I  H. c i

q — — Pq ( 1~~ We’ recal l (hat thc vec tor c~, contains elements c~,, scm
it that every complete (modal ) mth solution F, itt the

mm -hi- r i- q — qt  :1 t— a c’ cml m * n umi u’e c l or  um’it h elements q.(:) grating region contains an inf inite set of space hternme ,ituics, 
‘

i i  fl eemfl ’ct *flt matr i x (utmdepcfldtht of a) each of uthich has an amplitude c.. This is m eontrast to
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the fields F , in the other (unif o rn m) regions (j  ,~ g) relation for obtaining c.. and the haru mmo imic amplitudes c..,
wher ein every nth mode’ contaitu s a single apace harmonic , can be- found in terms of closed-form solutions, Hemme - e the
which form s by itself men inde ’pene lemmt so luut ioum of the pen — solution of the set of equations (21 ) and their assoe’iate’d
( im m e ’met ut-ave t’q um c tic umm - ,- ‘tite-r de’tt ’rn ,miuming the’ values cml e~ Hill ’s deterrnina tm ( (2 ’2 can be dispetmse’d a-it Im mmccl t ime
front ~221 , mu ll ccl the ’ eoe ’fije -ie ’tmts c

__ 
c-ate ielsei he found b~- closet! form s derived by Lea’is and He’sse’l may he’ used

using (21 ) w lmi et t  spee ’uti e - s  these’ d’emc ’fIieie ’uit s as nte t i t u s wi th  instead.
nespec’t (em ou t- cmi th mc ’tm m , say c ,- Time’ value’ of c_ s. c’auu i i  s e l f  :‘tlthougie 1’E mu mc m d e-m m have iu c mt beetm ex ;mh ic itl ~ e’xan e itu oe!
be’ pre’serilme’ei i m v ii nor n u a lis ati t ium condit it muc ,  ahmit ’ lu mmmv liv I.e ’cm is atmd Hesse’I, their analysis i-c am mm u l ogtcus ’ lee  t ha t  of
be’ c’hose’mt to I-c ’ m ’

__ 
— I (cur t ime pre- semet class e f  pr oble-mm ms . TM umm cmdvs Th us, for strw’lures w i th  rectangular t ’orrugme —

Hei we’ve’r . it is im u mpc m n ( a m et te m re e ’ccgmmize that all ~ amid ce,. t io mm s of time type shenc’tm in l”ig. 1(b ) - the characteristic
can be- found muted mmcmiv i-t’ mescuuum e’el kn ott-n if e l i 1 is s”Iue e ’ified ut-ave-s that  appear iii the- gnatimmg region are ’ kmm omc -ui , as was
1m m I I )  - ( 131 . also the case for structures with a teinusoidahly modulated

‘I’ce i I l d is t  rate- I bc femre ’gcc imug c’t um mc e l m l  s, we’ shmm i I I ctmu tsi el c ’n have’r .
(ii, ’ s;uoc ’Ouc ’ gnat imeg — t rmmm - t  u rc -s s lm c u wm u l it Fig - I - cc - hi ic - tm mere ’ 

- -

cml m ’e tr re m m ( prat t it ’al i m i ,-rt -st - 
( -

- (‘ eir e ’ed—I- ’rmmjmle Grotmsmgs

Because (he foregoing tcc’o grating profiles possess’ fune- - -

. 1  - Si nm ~seuidaily ,il mu dmtl t tfr d ,i l ed mumem tie ns ~~~ t h ma t are immva n iam m t with it , (1mev lend t lienms , ’lve-s
For the pe’niodit’ i imce r  of iume lei gr ap hie ’ t y p e ,  w im i t ’i m appears directly to a ri gorous’ solution of the boundar y—value

in the structure nil Fig . l i i i - - a ca m mt u ui ic deseni pti ou m of its preubl em e ’s . In cotmtrast , the curved profile of Fig. 1 i i ’ ’ is
ticedium is given by gene ’rmuhly not separab le mm’ ithi respect to th e  i amid coordli-

/ ., \ nate ’s and ha,-e been solved , su m far, em nlv by .‘mmcp l e e vi m mg
I — t~ (‘,i + 3! ism s ‘

~ z) ~‘2-’~1 u i iui mie ’r ic al immt eg r a t io t es  [10]. N,-ve’r(ti , ’Ie ’ss . the- aiu le r ,cme t ’le
desc’nibe-d leert ’ camm he’ ge ’mte ’ rahiaed to also Sc sic’ ,’ c’unu’otl

mu- here- •~ is t ime iuve ’ntcge’ ne-I se l ive ’ I ue- rm iui t t mci t Y am id em the profile ’s by usimig judi c iote s a ppre ux i mum m el i cmt ms t ef these ’ premt ile ’s
mmmodulat ieem m immdex - To illustr ate ’ t h is ge’tee-rahizat iecuu - e’tmnsit ie-n t ie , -  grat i mu g

‘l’h me pnopagat itimi mci  ‘1’ i -~ cm miu ’e s j i m suit -h me ucme ’eli um mm l is t s h i m ‘ u ’ m i cm-j t h sl:u mmt ed bemum mdumni e ’s in l”ig. t( mt I - By part it ieu m t i m mg l ice’
e’xl e-m usive ’Iv iueve ’st igme t eel Icy ‘I’uemc in ci  eel . [II)]; imi t h i s  c : e  su ’ , gnat imm g im i to flume luuve -rs and appr o?ci muuu m t im u g i - mi t -u  c c i  t i c -s c ’
t h e ’  H ill’ s d e te ’nmm u im mm eutt  ~- ic ’ I t h i tmg ~~_ aet t i tIme ’ i-’em et nim- n t’tecit~— 1w rect .amigular profiles , we cmht aimm a couifi gimr al ie mn as
cie’n t n  c,,,, citn he’ co nv e m mie ’mn t  Iv  ammalvz e’d i t t  t e ’nmnm emi rmm i u iel lv  i m uc l im ’ uu tc ’ e l iii Fig. 3 (I i )  - ,- ‘tl t hemc ig lm mm ciii’ ccc ’ hm mive- me re’ I hiatt
c’omive’rgent t :tum i t iimti c ’ej (r am-I memmes . ‘I ’Ime ne-suIt s hmau e I li mi t a s imm glt ’ periodic ’ Iave ’r , e’ach omee cml th m e t u m hues a r evtam mgu l an
been applied by Wang [17] tee the colutwuiu e cml TE waves shape like thmat imm Fig. 1(h) and, fu irth ermorc , all of t he’
guided by a slab cm f the ’ nmemelu mla t e ’d rn e d iui mim i u m a eu u e if nm’m layers have time same peniodieitv d. The analysis ed the ’
and sy mmetric eumv irom umeu ut - n mult i plv layered gratimm g then follows as a str aighmtfor wuur d

l”c m rT l cI cm-ave’s. - ‘ i i  t ime ’ othe-r h*mmd , the’ Hill ’s detenni inamit e’xt e ’tmn c iemum cml t lm a t for time- siumg le grating, must discussed in
has be’e~ analyse ’el by \‘e’hi el mu [IS]. limit (lie ’ lmarniom mic Se( ’Iie mmu VB. Al (hto u gh this exteimsiomi is t mm ly cmi app rcmxim u ume—
anm iulitu u de ’s c,,, hmi ve ’ l im i t hfpui stutl ie-e l .  l le e e ’mt t lv , a uit ’cu- (ion for time cmn ig iuu a l slammte el grating, t h is apprcmxin m ue ( io mm
fo nun ul a tie mm i icir m t im- c I’\I—mv ave ’ ~mr emh Iem h as  be-c -tm prm’ueetult ’eI ch um he’ macic ’ as acc-ur ate ’ as desired by suim ei iy idimmg (lie ’
by Peng and Hes~c’l [19], l’his met-e m method of anal ysis is grating into sufficiently many fits’ layers .
particularly useful for analytically d ete nnuu nimmg the spare- A much simpler but probably less accurate, prtcc’e’deire
harmonic amplitudes e,0, of the t ’lectronucgrn-tic fields, for treating a curved-profile grati mmg is to avenagc- (cur
Thus the boundary value problem for this class of dielec-
tric wave-guides c Rud now be rigorously treated feir TM - . - 

~~~~~~~~~~~~~~~~a-ay es, in a nm am ene r aum at og o mm ’c icc  that  Of IF mc mmve s -

11. Rc ’eI.ingtda rly .ll .mclicl mmt .’ .! l ie , !, , uci - S —

Time ’ vme n iatieu n ee l t im , ’  u u e e - t i im m mu u  th mm ut  fe enuuus l ime ’ gnim ( i t ug im i - 
— 
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i”ig II h ’ ‘men hut- ele’s c ’njhe e cl icc - mm re’c’l angu lar umic me iu i l m c t  iou u - - ; - 
-

aloe ii C gl um tt i i ’,
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a-here (‘i t  is the ti tmit  -~t c ’ I c  fm i m mc t i cm i m of argument ,r . lit — — - — ——
current practie-e’, •~ — s. ami d ,~ — s, but mm- i’ shall here let - - 

~~~~~ -

both .~ amid .~ 
he arbitrary ‘cmm tee to cewer a larger class of - - - - -~~~~~~~ ,~~ 

— 
/ -  

-

applmeatuons / / / /
/ 

/ / /
/If the thickn ess i, m mf t h e  g r nu tmm m g region is uimieele infinite -h ’ ‘ ‘ ~~~~ ‘~“ ‘ -‘

Ia rgi’ , mit - cmi mt mc iii mm ~w -r m e m m l i , ’  array m m f  t ime - le t - I nit - ue h cuii mc , cc hue mm, ’
e- har aeie ’nis tm .’ mm eve ’— imu uu ’e ’ lmee ’t i e-ieuenmiume ’cI h um I c - m m us iunel 

~~ 
. APTWO~ mMuOn of a emmrvsd Di-oflls’ 1mm- pe-neichic l~ vc-m’s wit h

Hesmeel (cmi - ‘I’M im m,ee l e’s ~~)i l i t  this c ast ’ , both the ehiu e pennmi em i-,,jaim~ d~i- chap.. (a) Act ual profile. (b) A’pprcmxinmal~cI ’poct ile~

~II~~~ 
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m m c m  u m c c m , - m c  m l , c \ m  c’S ~~im - Iem c \m c m ,  l l l m m m i d m c m l ’  u c m m s m c , j m c — . J c \ c  mmc m

c-u - c-ru x) the pt ’rmmutt ivi (y tc c’ e ’n : i t t - i d ,’ th e e ’ gr a(iu ig lace -n 
1

‘l’hus , if time ’ j mrem fihm ’ of tied’ Ime ’r kmci it hk m ( tmttbt r% t bat mt ’h u se rse  t - - s 4

tin ’ I cce e m u i c ’m l u :e c m i t i m  l m e ’ r t u l i i t i u ’ i t u u ’— em ami d c~ um c I e~ -~ I ~c - — O , ,~ , /

m ’ u  m i  c — c l c ’sc r u h m c ’ c l  hoc’ ( h i m ’ I m m c l  c m i i  
_
\s__,,s,_

— in r I — I ( j  “4- d~ l u c r  It  --~ ‘27 / ,“

I in ’ me vc -rsmge ’el ~mt ’ nmmm ~I t iv it c l c m m c c  m i n e ’ —
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‘ 

h ,r ’ 
-

( lie’ I e r c m hmlt ’ m m e c- ( hi t - m t  re ’elte , -t ’cl I ce t be am c m i  mc l~ei , ‘ r mm t i l t  um cm— : — - 
~~ / -

l~ u r n u ,  t h e u u ’ k u cc ’— ” — i mi el  c i t i h u  c- sc m -c u m u g  e i  $1 , mc- ci sc— t h e , ’ u - s m — , -  ce t i
’ I

t i c - m e e m m c l t c l m t l ed m u u c ’ c h i n i m c i  i m u S c n i t , m u i  I I  I ( ’ i I ” c c c . c ’ \ m c i ’ i  t i i ~e t 
~‘1 /

ia’ ’ to ~~~~~ m u sic c , e u c t : c m m i  m c u : im e c  — u u c m t — c c i m l . e l  t , ’ r m n e .  N c  c - i - — ~~~ ~I lt, -lc ’’ms . t I con ; m n c ml m l c - m u u  I t - mu ls it  —c li i c c  (he ’ —s t m uuc ’ t nt - met muee ’u et cc c .dems —c

im t v t m l viuu g h l t l l ’ s lci m e e ’ tue cm e— me ’ the , ’ ‘F)el m u u c m c i e ’ —’ m l u — i ’ i i — — m d I c c - - - - -

‘ - 
- u~ m g - 4 t_ c s c c c c i n m c - c c - m m i c g u i r n t l i m c i c  c- m c u u m s c u m i m c g  me sm ilest , ’  t mm ’ un , ~ i i lct ~ ,r  cc l

‘
~ t -h i s/ cu . [ 1~’ mi mcc l  l ’m ’ mu g m i m i !  [I t t  — I l t t c -k i c , ’~— e ,

I V I I  FI, 1) Se ifl”l’I~~\ l I m B  h m l , ’I( lOl) IC l .\ \ ’l - :HS
- — - - m~ iu c ’tc’ /, ‘ ‘ ‘ i- m cmi u m u u  ; ‘‘- ‘ u i  cc - c - t h u su m u- c - ; c h - — c - I i

~t t m ’ r  mn3be ’c’ u t c m m l g  thee ’ fit -it 1, - ’ cc t t i e t m e  t i c , ’ c ’ l u e m th .  se c m m — m c i  m e - - - - - -
- 

- 
- e - m m t i ~m I i u u g u-u t h e ’  c - u Ii ii m c r m e u m c m c t m ’ c c t  t I e — u c l : e g u i c i c t u e - Id  i c c  m h em ’

c l m m ’le ’c ’t  r u -  gr a tu m ig  ‘n trd ec’ t ~ire ’, ti e- m i mm im u emmm m c m c m t — t t l , ’ m 11c c - - -  - ‘ -
- - - mcl ii i e m m r m c u c m m u m e  c c i  t i c, ’  c - It-c -I t ’i u ’ t i t - I m I  l i i , ’  c- at t ic’  m c ?  / ,,.

lcc c c em e t l m e rc  — c c l i i , -  ;m r c c l c l , - m u i  I mr t h u ’ j c i i r l c c ’c - - ccc- si m i u l e l t f c  - - - - -
- 

- - - - 
- c le t e ’ rmm uum c e ’ d Icc  thee ’  m i m e -t i t l e ’ n c ’ i m t t m cc ue ~m h l m I m  I h c s c m r c - l s c t  c - ‘. ~~ ui te d

tb , l m rc m le l e ’ m c e  icc s ’ t m i i ’ — u d e ’ni mm g fur — u se i tueg ic ’ I s— n m — li t - t ies c- u’ - 
- 

- - -
- , . , .  

- 
- Jj ~ t , r  c -mit - l i  mn csl t ’ u s e  ~cleix c c c -Il  s e ’eh msc ( u mmm m s 1._ mmmccl I I-I i

s e m l ) 5 O c ’ t i i t c m  t m m m c  i c :elt — _ i u s i c m ’ ~~, mc ’ - ~iicm ic im et c l ug. 4 . l i i  t h u s - ‘ -

- - - , , 
- ton c ’ x m i m m I i c i c -  it u t i i t  c ’ IC— u ’ em ? mc s u i , u i — c c u c I s i l I ~ m i e e m e h i m l m i u c ’ ,l lme ~ e-r

c — c ’ . mc — i m e g l m ’ l e e -ru e Slue ’ I s i c m ’r m c :  t h e e - h u m - --— 1~ c— Ie ’t t I led - - -

- - - c c i  i i i , - I c  i — c ’  u l u — c i i — ’ — c ’ cI  u m u  ‘mc ’, t i l l  I l I . ie ,  c c c ’ it m ’l
-‘ c c c  m u  ‘ m i - - m r  i tcc ’re ’  ‘ m i m e m t m ’ r m m i  Im ~c m r  u — l I c e - m e  c c c  ‘ o m i t - c l

t m - i  m u ~~u - , l i i i  \ In  ~t u- aig. I m t t m ’ mmc mc u t l  m i c c m d l u t u m - m m t e e m m e —  c i  tb ,  [
~

.ce. . k ,,, ]&~ . t c c m  ‘I’l- u n c le ’ —

( emn m m c m i l  nmg mercc c e m — m m l i i i  n -me  m m t  the , ’  c - i c c - i  rmu m e i :e gmmc ’ l  mm - I cncm lml c - mue  /_ . - ‘ - -
~~ -~ 

-

I u m c ’ -c ’cI I - c  I u~ 1 [ ‘~ ,c’t . t , [c S - , — t i cS u — — m5~ - c - ‘

~~‘i ( i m eme t ic ,- h m u ’ r i c m c l t m  e~r :c u i u e g  l : e c c ’ m  - 1 7 -  m i m i - I  ‘ ‘2.~ -
- 

- R u n  I \ I  m ee ,c t l c ” -
m mm e i e l ~ u hm se u  i t t , ’ c - It - u - I ruc - m i u mel  c c m e e ~i m u ’t u ,  ?u c ’ he l  e ’m c u u i i c c  c m l c ’ m u i

I m m c i l — c c - r — - - t m  cu - c ’ . rm ’s lcc -c - t ic - c-Ic - g ic’ m ’ m l huc mc lme -m - t ’ iS., u s l’c r eem cm m c ’e’ l ~u -m- ’-— e l c ’I t se l ecm ie - i  u c ui I c  ci e ’ mcm c u m m i e e - m i e’e-

/  
c m m ’ c’-— u i u i l m -  m icc ic  t h e m i t  e m , ’ mc i - lu  i t e  n — m e l t , ’ f l u e t i m Id ” c i i i -  i c c

— I i—  - ‘I I  l m l m t m m , ’ cc sec - c ’ imme ’ i e l m ’mu t mit ccc  s i ucgle -  t~ t u t u  I lie - n -o h m —i m e t e ’
- r t -gie mu m , m en - s h i c m c m m l  1 mm l- ’ig- -I l u e  t I t u s  u - s c — u ’ . !‘~ m k — e m i  H rm t u ’ u m

u~., e ’-qm I — mc,,, :)] ~ I _,, e’\ i m t mk ,.,; ‘ I - - -
- t t c  f l i t ’  mm uic- c ’ mct i m i t i c -r a l om ug .r thmc ’t s t te e l  I c c  t im , ’  i mec ’m c l c - m ct cc sec - c -

, 
‘ 

me mit i , ime vie ’mc m l  1 ; i i  iii t’~u -m ’ I c m c um I I  - I b m ’  t i c - te l ’ - t ic l Ie , ’  ‘—m il c ” t m m e t , ’
4 II  ~ ‘ ‘ [m/- ’ - 

“ ‘  I m m ,_ :’ -
- arc ’ gm vv me bc

- -  cJ~’ u - m m j ,  I~~~ic, ,  1~~,, / , . c ’ mm, m~~u I j - i  :tu’ i-: , e ’x l m ( m ( ~ c,1 + il , :‘ ~, :-~- ,‘\l u~~ i 1 . , , j  - i ’ .. ” :

‘l ice ’ m e l m c c c c ’  i— mi  i me e me l mi l  re - I urm ’mt ’m et m e t mt - i c  t l em el  rc-gue r el-c i i i , ’

t i m -hIs mum t c -m is cef mmeo de ’s t hm me prcepmegiel e- t i e  I h u m ’ : eli re e ’t it mum - ~~ — ‘c c ’ - ‘ e-xp ml ,,cz —4- if ,, -

m m d c ’ bm mc. t im Ic-rime iii thee ’ first s e u u mem ui mm l cm-me  hme ’iuig m m mu i tct l t - i mm ’u u dl e ’ i m I — V 
~, )‘, ‘ ‘ d ’X~ - ‘ ik ,,, — ik —— - - : 1 (4

t unel,- m i t t  it s l i m u t e h u t  c ccl , - — - uj,,’ ‘ I lim it m m m c  i c  h ee- m i m i c i  m c  I c e ’ ,!
I4,’c meec sm ’ F -n ueu mc l II I, term’ m m c m  mm md i c c  tIme- pn du~mumgati o lm n :  c iht e re’ it is itn .en-euil meMl tha t  tIc ,’ imm t ’i eleum t m m mcc ’ m u m m m i eliti t el e ’ c—

- - c ht rc - m- t m m m i i .  t lie-c e-dunu’e~ndim emume1 I em m- i t h ce r 1”,, tlist ’ui sse—cl ~i C  s’’’’ — uumcitc - motel I Ice’ ieu ec i c lii title’s ,s ,, ~m( t i ed ’ n-c at ierm ’ul ~c c c m —  I i m e m u ’
I mc m um I l l  - m r  le e t i - c  partial : cle ric - met ice’ , ele’pe’mmeliim g m m m i cc i mit ’ im (m m i ’  e l c — ( c - r m m e i u u m — t I ‘Ftc,- tc c’lcl — mit I t i c - c u r  u m i Z i c  c m ,  me re ’ g iv c ’mi hm ~
c u t  t h e e  -_ ; c c - c - e t n e - ‘Fl’ dir 1’~cI umue m ele — —m sum’c’ i ’em ums ide ’t ’v e l.

l c m r  s i m m m  gmm ’ c — m m  s i r  mim me l fe m r  s em i s t n - — e c m e e m ’ u l  c s c l m u u ’  cml I, ,,—, mill  ‘ ~~— 
ci, ,  t ’\~~ i i !  ,_ j ’ — i i ,, ‘: -

e ml  t ic , ’ e 1eu zem c m i t l e ’ — m ,_, mere-  k , mtm m m m e u t  e c u c m m m l : t i i u e cm it Ii m u m ’  c l i — —

m ’u t s — c m m m m i  j u t  S c - e ’ u u m m m u  I I I  l i t re ’ I ,,,, m e mut l  I. , , re-fm-n 1cm c- u ’ l t m c t~m ’ ~~ “ ‘ c i ,  I’ . -. t ’c~~c if ,_ , r if , - ‘

u mmid l , - u i m r m ’ u u t  me mmt t ml i t u i c lm ’’m m m ? ’ s l m m em ’c’  h mm erum e emi u ies , re ’siu m ’ c -~ i c u ’ l ~ -

- I c m m c c ’ — m t  m m t ’ mc iui e’ii us iele’nt it -u I I c e  I Ime ’ set tif m e  u t - f h i , ’m e’ iu m t _, mc im e ’re k,, antI I ,, ’ - c uc- m - re- ehe ’Ii mme ’cl mu I - mc m i ’ I t - , ‘ - - u —
t curm m i i  em g the ’ c-e’e’l cmi - C s. diucc ’mis’ce-d j im Sect iceum i l l ;  th e ti s - leer m m cmii th e ’ c-hme rac’te’nist m t mmuc melni I m eel m muil I :ifle ’e’

TE mmm e ee lm ’ e mt- c- h ave’ c.,, — I ’ ,,, , um-hereas (cmi - ‘i’M mmmm m clc ’ s 
‘ ‘ - -

- - - f- c ’ , ,,,~~, (cmi- 11’ . ummo d c’m-n
C., — Is.. - Fh,’ other set us related to the fir s t n e t  viii 

~ ,, , —
Mse~ mm e-I i ’ s e’t h elmitie mu lmm , ut hichi ~- ie—leh ‘ c ‘ 

( I  i?
- WarmS, k ,,’ - for I ~el nmode’s

— ~~ Z_ ,.~,“I,.. , (3l~ ‘ -
- creel the an~plutmu dcs a~ are’ t e m  be eletenmuumed t oget her um i th
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PLNO ~~ 41. 5 PER I ODiC DtEi,Ec’mfluC wmeu’ EoV u D um S

Sm’ and gs.
(~~ by matching the bounda ry conditions , which If required , the scattered amplitudes a, iii the ’ air can be

require that the appropriate components iii (29 ) , 3O~ similarly cebtained via (40 ) or i, 4 l )  t e ge th e r  cvilh 4 ’2
and , 3:4 ‘ - ) :3 t ’~’ be eont inuoeume at : — 0 and I~ . Th is leads and (44 5 ~ This mm’cmuld complete- the’ de - tern e i m ma t c o um c ci  mi ll : h
to thc ’ f ollocm immg svst enms ci! equations: scattered mtnm p hi ( ud es a ., c). 5u , ~muei s. -

6o. + ~, r_.[t/..”’ + ~~.
‘ ‘] 3~ V. Ti-I F FIF : l,l) S (U ’I l )E l)  B\’ l)IEI,F(’Iifl( ’

I’.’’ — s. — !..[ ~.‘ - ‘ — — 
~~~~

‘ ‘1 t 
.~ s elu s e ’tisse’t I mm i t Im e I mit rocltu ,i i tmt i , I h it - t im - I d- n  t mf gre—at m n - I

iui t crest are I Im emen , ’ tha I  e ’ai m i m~’ siu~mport ed liv Im e- n i cmel ic t i m u mc —

~~ I _ ,[exp mm ,~ (, ‘ mj, ’ ’ + exp ( — i c _ / ,. - 
~

_ 
~] fl In t structure’s in t ire abse’ncc’ of any wave ineidc ’rit irm.et m i

the air or the substrate , These fields are thmns te of the ’ sun-
— c’Xp ~ik ,,”t ,’uu ,, (40) face amid leak s’ mm-ave’s describ ed in Section I I ,  um’hie-h repri’-

t_,[e’xp 4 i c I 5 i - ‘ — e’x~u — 
~~~~~~ ~~~ ~ 

se-mit frec— re ’stmnam ml soiut iotm s of (hit ’ bouumdar~’—value prob le-mim
umm der e’tc m ms i cl er al io mm . Wm ’ sh all d i s c u s s  the -se’ solut ieuums first

— t’Xp ~1k ,,’ ’1~ 1 }‘ ,“mm . ~~ 
for the eammoumic s t r u c t u r e  shtew mm im i l-’ug . 4 ,  a f te r  cc Imic hi cm- ,’
shall generalize the result t i e structures um -ith an arbitrary

for all i-i — 0 ±l .± 2 . ’’ . These are the four coup led nunmb cr of layers in additio mm to t h e  sing le pc-riodie laye ’r of
systems of linear equations that determine the four sets of Fig. 4.
unkno um-n scattered harmonic amplitudes a,, . a,, g.’ ’ . and

as foilows, .- t, Guiding b) J a s ing le Periodic I.a ij er
Multi plying (40 ) by ~~,I.’ and then subtracting the In the absence of a cc-ave incident from an exterior

resulting equation from (41) , um’e obtain, in matrix mio ta- region, we imave a null vector im ms t’ad ni f .i um ,44 ’ , which is
tic imi , then s&tisfied only if the de ’t ernmim u ant of S. vammishes ,

—) = e-xp iK ,15 ) R, exp uK 51, l g c m ’ 4’)\ uianmelv,

cm-here g m ’ smrc ’ eolunmn flii mt n i m ’c ’s mm - i t h m e l c ’mmu e ’n ls c),, det i S,) de-t [1 — R, t ’xp c ~~~~ R, u ’mm b’  I m K ,(1\ ] — 0
exp ( iK ,15) is a dimugmmnuci matrix with  e’le’une’nls ô_ . e’xp (me. I Q ) 

i, 4 S

and R5 is the’ rm ’fle ’ctiot m e’eme~ icie ’imI m m m um trix looking into the
Thm is represents the’ disimer siotu rel *t iomm (tim the guidedair re’gicmn at : — t~ , as give-u i by
~sunface or leaky ) cc-ac-es of t bmt’ gr u m ( immg iii Fig. 4 This

R9 tl + Y., I’ — — ‘ I  — Y. V) ~ relation y ield s t lie’ unknomc- n e’igemmvalues L W. For any such

with l and V being square matrices with elements (7) — 
k,5, cve can theui find all g, i sm in term s of one of the’nu by

1... and (V1 _. — V.., respectively, amid 1. being a replacing ‘by 0 in (44 1 . All of the other amplitudes a ,,

diagonal matrix with elements ~~~~~~ 
g,, u i

’ and s. can thereafter be de’tern uimue ’d a-’- discussed at
the end of the’ preceding sect ion.

Next, cc-e multiply 354 by )‘ .“ - add the ’ result to 39’t 
Because the ’ foregoing analysis regards the ’ fields as

mend iumvcc k e 42) to emh(ain prcmpa gatiimg alomig th( ’ : dire ’etiemn mch i ch us ne m nnm al t e e  ( lm e
S19i ,u — ~44\ hotimmdan ie’s , the result ccl 45\ reprt’se -uit s th u e ’ trammsverse’

with resommanee condition for time Iu ni ’se’tiI cecmm figm mr aii tmm u Te’

S, — 1 — R0 exp (1k51,)R, exp (tK,f,) 4.
~) 

understand the ’ physical significance i d  this coti diti ceum , let
its consider the special ease mm-hen the im e-n itmd ic layer u m u

— 2~ I + 1, Vt — u 46a” Fig. 4 is replaced by a unifo rnm slab ( cm i th m mut i  bwriodic
varia tion 5 . In this ease , 45 ’ reduces 1 m m

R5 — ~l+ 
y.V)—m (l_ Y,V5 . (‘lOb)

— r0 r5 e’xp ‘2tc l ,.’ — 0 -19-
Here e ice it column vector with eie ’niem ml s S... 1, is a

diagoumal mat mix cm - I ti m e’le ’uiic-ui (s 1’. ‘‘ iS.,, mmhi le Tee muriel R0 cr ime -nm ’ r,, me m ce l r , arc- re-fl eet u euu m e’cme’fficie ’umt s I em ok m ui g um ut  c- t he ’
ace, respectiveI~- , trat uuemi ssioum ammd re ’fie ’c (ioum matrie-es ‘‘ bintmmc t e ’  m e met i  s l u r  re-g idmius , rm’ s t em - d ’t i t c h  - i t t  : — 4) st u d /,
looking doa-n into t I me ’ substrate’ at z — 0~ h-~ net I c ‘t d 49 1 n- i t i m ’s tI le ’ fau uiu l i ucr  i rm -s ucmu ~e mu t  - — mu r t  mcc c ’ - mm m um - ’

%% h emm the ’ matrix S5 iii ( 44 4 is singular t Ime ’ tie’lcis a rm’ iii t ’cmfl lj ( icmum tha t  time ’ mc mum - c’ ne- castim is tum u m ’hue umge ’d af ter  a t’dri itddl —

resonance’ ieee cliscuismme’d ium Sect i ee im V - Vein umcm imres cmumant I ri p t rau ’m’l mecre uss I him ’ layer, lii,’ t r ip  iimc lu el iti g em n e re -fle ’c ’t scum
fields , the ’ inver se’ cml S. exists and ~~ 

c is tI m e-n ummi e 1ue ’l y at each emf I lie’ ( mc u~ hmemeu mmc l u t u’ie’s [21 3. ‘l ’Iu me— - sn- - t e m r  I hue
determined via (44) fcmr plane ’—um’ ave ineideuice, l’sing ~42 gm—,et iu m g layer is ci geumt-ra h izic t idit i ccl ,49 ’  (mu r t im, ’  eeu mi f cm r u m
and (44), we then obtain (miii 3$) that tIme ’ scatt/e’re’ej field layer, •l’he tr au iu- i t ic mu e fr mmni scalars in ( 411 I c ’  mmmli  cc ’,”- cmi
smphitud~ i, in thee substrate are given by (-he column (4$) represents the fact that the ’ presence eel ~uerie’cd ie’iI~
vector in t roduces energy coupling fr’c~ mi time ’ fu ime lanme ’ietmeh ~~,i — 0’

s — Li t47a) ti e’lel to its higher ciuxier (c i  rm~ 0\ space’ Imarn icmni es.
in the’ case of a emifemrt ’u e lieu ’e’r, , 4 9’ i~c ie t nmeu m ’ct ’c’uu de ’u et , ’iI

where R0 is me reflection nimetrix le ’ecckimi g tip at z — 0, its -

given b-u’ 
ee ) m latue iu m , mm -hmich ni sic is’ solve-el gr iep imic ’ahl~ , um ’ umcc u uuc’nic ’alI~
( em tim i d I lie’ ~mre mpaga t i,m ( me t - l eer  umlmmuug i him’ ‘-u ri u , ’i tiu’~- I-’or a

1. — T,—u [exp ,K ,i,5 R9 e’xp t aX ,!,) — R,)S, i T0. t, -s7 b~ pe’ric l~t- layer, $n- ’  us c ’m ’ m i n - m c l e - rse i ’l m t u m o r , -  ~‘c c m i i p l m m - mt t  mn - I
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m e e m m , , ~~c c , m c  i l c c n - - , , c \  ,J mm ac c cc . cm e m e d -ee c 5 \ i c  i e m i e \ i Q u ’ - .s , J , c s n A I e c 1975

because it involves an i i m f u y m i t e  de t e- rn m inan ( cc hich n iuin - t is a a
I r ummm c - ; c e ’tl t , c ,nm e }ve fu i i -  the ’ uumk u m m m m - ui p r cmp ag cetio um fae itcr  ~ ~ e e~.e 

Ac,

: ,~, Times die t e-rmmeimm a m i t  is also cml I lie’ Ii ill ‘5 1 V ~me ’ , as ut-as I lie’ ~‘ m z

‘ a-” - I mu ‘2-2 ~ s- c t hm e( it n- I mu lc t -m e l it eli (‘mu m 1mm ’ e m imn ie d out vt-r~’ ,,,,, .,,.n,,,,,,,,_ ‘ ~

~ I’
- ’ - m m r : c ~ u I \  t e ~ mee e uuu e ’ r i e ’ se l  e ’i c u u u 5 m m u u e ’r te ’m’ luu i i t 1tie ’s , men - c i i ”  B G,0c~ m~

c - i i — — m - c i  t t m r e ( , , - r  in “m ’ c t i c c i t  “i I .

~A ci •I?~ (,~ , - ,/ : r ~ ; t c - ~ ‘- I t d ( ~l l ’i , , 7 e ( i  I’, — d c ! ) ,  ,“ t i i , , ’ l ’ i i c . ’i ‘ C
- - 

I Ii let
‘l’iie’ rm — i m t i —  c l i — -  i i — — u ’ ci i me  l ice ’  ~u r c-e ’e ’ t Iuum g m — e - c - t m m c m m  ume muv u i c c m ~ ~i k

1~,- u -~~i u ’ m m e i ’ ’ui  i c  — u r i c - t u t u ’’- t i m mit  5 m ee sn - e . n-s n-e ’m’t rum l l s e \ i ’ r n -  mciu ic ’hm 
~s ure ’ it m 1c I i t m t e m u ~u ) I - c  i t i c ’  n -um c g l u ’ u i c s m u m m i u f e m n u m e  ( p m ’n i te ul i t ) l m e\  c r

m l i — c ’mi——e ’ ml sd c cc’ ,- h” cmn t h i s I m i u r b i ,  ‘n - u’ , cm - c- t i m- n- I r e— ( ’o gmui ze ’ ( l i mi t
flee ’ c - I  t ’ c t  rcc i m m : e ~ u mc ’I c c - ~u r t chule mi i c u t  I lc i - sing le- pe—riod ic h m ev t — n

mi e m I-c ’ ru ~‘, c rc cu— Ic desert I ‘m et by t i lt ’  e-q t u m m’ak- tmt I r mc m i — v t - r n - u  - øi ~e
mi . ’ tmc c crk - n h m c c m m  mi in  1-’i g . ’e ’ - .u i - I n c  Ib is  n ie - t i c ork .  c-at -ic ccl thee ’  c a am

‘— e ’ m u m u — u m u t i u i u t e -  t ra uusum cm ss teemm h u e ’  in the ’ air cur s tcb m n trm u ( e-  I,’ mO i i  

_ _ _  —
r m -~ u mu m u s  re~-emesen(s u mme ’ cml t I me ’ nmode’s lime characteristic ~~~ __________

a dnme ( tmuu te ’e 1’,’ ’ -  am i d pn opm egaluo n fa t - I  cmr A- ‘ ‘ h ave be e-mm _________________ — — 
B 

— — _________

e-i e tiu mm ’d iii :I ~~n aum t l  - resp ee ’tim- e ’iy A ll tm f th i est - t nue mm s— 
~~~ 

~~~~ 
— —  —

m u i s suc  c m i i n n  - s mere ’ c c  cmi mmccl i’d to t i me ’ gr :e lung  re ’gmom l - m m - lim e -b c ms c- -c 0o c , 
~l mcmm m repre ’se-umte ’d sehm-mn at i callv h~- time- 1miex marked B umc e~ m~~ 

1
m~,

’
I - i i u  ‘c m m ’ I — — —

I i  de’sine-d , tIm e mee ’t cm-eurk de scnih itmg the ’ se’mtt I e n i m t g  pm tm 5 me-n y~
i 

c-~
.i ($1

iii- -’ c m l  (hue ’  box um i ank e-d B came he- s~- mm (he ’size el along tIme ’ ~~~~ ~
e em ~ei SubairolS

lime , ’— m l I’.t’cu-ns e’d m u 122] (or t u t- i - sen - u ’  cm l sem i imut  m ’r (m u c ’e ’ ( tm m e 
z~e co —

sc m mi m s mcic l s i l lm -  n i e m d m m l m e t c ’ e l  u m i e ’ e l i i u u u i .  h i c e i c  e’c’ m - r .  h e ms n-~~m i t  i i c ’ — i ”  c b -

m i m I mi u - c - c - n — m e r v 1 m m  t ic , ’  p ci r Ju tu se -s  me l  11m m ’ 5 c ru ’ — e ’ u i t  mm ou-k lee ’ — ~~~~~ 
‘, I’_ t t cu uc ’ c cieu cm lr mccc ’.veu ,’ c c i  s s c c ,  I, — (.~i t i n , -  , n , , m , ~~ — i —  mci

cl u e-Ic— c -I nm ’—g r m d tiui g ‘.t c c i t  ire ’— . i t  \m ’i ‘- cc. ,  In Ic r t I n , -  ‘-m uc ~ l,’— Iccmm ’ r c- c c -
m m c m i — ’ - c cc ’  i m i m m \  ru ’i~: c m m I  t he ’  im cc x  umus er ke - d  l~ m u m 1 m g .  - c mi ’ I c c  h e , ’ t Ig ccm aI i ccm c ~ me t Fig ;u c ’  Nm ’u~~ c ’ rk 1 ,_ c  h um- —c i , - 1 , ,  rc ’ — n-t m , c w e c  ccc
clc - !m tiu’ cl 1 m m 47~ (cur S~. ~\‘c ’ m m e m te ’ , em il t h e eml b mm ’r  h u m e m u t i ,  t h u m e t  F ig. I .

lice- m mm m el nix S, ic — c - r u t  c c ’ — m l ie ’ m - m c u l p ! u m u g  eel all of ( bu m ’  m im ece les t ec
e - ~ec Ii cet lmt’r c-ia u hue’ 5 c e - r i e c m h i e -  l u r m m l ue— rt i e s of t i c , ’  grme l i tmg re -gie cmi .  ‘l’h m e -  1, 1cc - c ’ , erm ce’e - e huum - u ’ m m cm i - m c i  m - c ‘met- —, - - c c  - ~‘c - i c - -i  c i  i ’ d  i c c

1’ ’ ge-n e ’ra lize ’ the ’ re ’n- m u l t  t t u  m m m l e l i t i e mm um l d u u m i ( m m r m m c  Im lve - r s , me n v m c t i m m u h m e ’ r  - ci I mec cr-n Ium ct :cr ’ ’ s r c l n l u ’ c i  I cc -i c ccc  t h ee ’ m I m i c  I me m m ’n
u- c c , i — u cl m ’ r t i _ m ci -  the n t m u e - t u t r e ’ s d -mn e ’ri le t ’d i m c J ig.  I ( i i  I amid i,’. ‘-ui g~~u ’- ’i c ’ c I  Iu ~ I -‘- . sell  t l c m d l  m— u m m ’c ’ d c , h  i — 1 m m  u c i e e c h i l m

h e -  Thi n-,- e - c c u i h i r ~u c r s c t c u u m u —  cciii he- re’jure ’se’uite—tl h y t i m e ’  Ru’ — c c  m e - n I c e  I s e k e ’  i m i t e m  e e ’ e - e m c i u u t  l i c e ’  m r c l m h i i i u m m c m e t  h m c c  c-r n -  A —
t -qm uic’ al ent ne-I cm c c m ’k 01 11g. -‘~ b~ , mt -h icl m Is obtained by sue-hi mc nmo ditie -t I e’X~ cr m -n - n - i c m u m t m cr R,’ i m ’  ‘ 1 m m ’— I Ice ’ iu u ~ c c cl
sm! uu ~uI c In tl c—rp ems ing mi m i apprtm pniate ’  n-c ‘I emf I r a mm s mm u is s iee um l imit- s  ~m due c it u s e mme - c’c- )‘, c m . c  1cm, ‘k im ig I mit e m me c-I sem ’I~ c c  ‘ m i — i — i  ii e~ mc mmmc
ccl  Ie ’mcgth s I bet cm -c- c-ui t ime ’ grueling mi n d sub- ,( rate ’  re ’git uu m s . arhi l  rut r~- m i u c t e i l  ee ’r muf  t i m u i l e u n u u i  1m m c r - n . 11cc ’  ‘ -xl  c - m m — i c  cmi
Ju t  ii i-n ease, cc-c may 1< eok de mmc’ n at  the ’ phi mit - z = / i ime t i  n - t rue ight Ic eric me rd - ‘Fbi- n-mi mci , ’ lure me-c ‘ml cure - c ‘ m c i i  i ce ’  m a t I lixec I if
d e — t u m i e ’  m e re flect icem i tcece’ffic ’ieum ( imt l , Iit ic emc se l i im m i fe rm i u  lm e ,c c r —  me re ’ } e lmc e ’m- m I mml c c c , ’ l u - met  h i u ’ r t l c m c m u

— 
~

_ hue-Ic — cm t h u  g r m m t i u m g  n e ’ g t m c m c .  1 m m Ib m — c-mi — c . l i i i ’  r e ’ tle ’u ’l c , m mi
“ 1 :,o ‘ m u mme t  nix R, ti m — I  hum - uuu t ee j i l um ’ t l  l c d  si ccc :e t r ix  R,.’ mci  me m c i m m m m u i m m) I f  -

~ 
) I ,  ‘ - -m e m uu e l tmgemti n -  I c c  t h i m u t  c l m s c - m i — — n e ’ m l  : d l e c c m - m - t e u r  R , t It c ’c c i i r - ’, - .

I-Is- u t i l i z ing  p. - cm- u’ eeht am that  the-  ium p i i t  mudm im it  I mmm ce-c ’ u m mi ln nmmm lac y e’rs umma ~ he- t ee -c -c mmlii i  ue mdm mte ’d lie ml hi 1 eel eetm ami d ceo
- I -. - ‘  — — 0 cc m—ve-rm’ I nm mfl srml j ss iem m m l ine i- n g1 ’m ’ ui he m t c m ( i  of them ’ gnat imug lst ’ e r  l iv  e m i u i c lc cyi m ig  lice ’ appropriate-

- t mmt m( l itj e d I ’m ~mr c - ’.sic cmi ’ - R,, - st u d  R,’ am the re.~n i m e m c -t ive- Ice eu cu c el —
I -. - = _e” ~~~~~~~~~~~~~~~~~~ ‘ -

~~
- ari es eel t ime ’  gm :c( m u g  re g mm e l m

1 —+ p ,  m x ;— ‘ 2c/,- , ’ ‘‘ I , ’ 
‘ ‘ I-’i mc ccl lv.  mmd cl m ’, i m m ucsc l  ;mi ’ u’i emelm e ’ ‘ m ui t  Iuc ’r ih eme u c mim uil murum i I lay ers

ra te  mci.- ’’ In - ’ ml ’’ ’ ’’ cm m ei u ee eel m i t e—tI  mi  m mu ’ c l m ’ r ( cc  t u’m ’m i t sI ru e-h int — s
~Ve’ u ’ m i m c tin -c n ceu sm ’ i 4.’c ‘ fccr  R,c s e m e e l  re -p l a c e ’  1’. ’’ t h e-re- u t c i im m - m c — - n e ’ e l  1 mm ~‘~, - , -u eecuu I II ( ‘ ‘l ’Ici ’ - u - ~~t u - t i — c ,  cii I’— — , um m m e ’ m c h c mu ( - 

-

cel t Ic I’,””’ I c ’  get thee-  m mucccl I t ie ’ t l  r m ’ f l m ’ e t i c u r i  m u i m c ’ u  m c  R,,’ (, mr mm i cer e ’ e ’ eemme i e l i e ’ mt t e ’ e l  ) u , ’m ’ m c m u s m ’  m i c c i c  mc,- ’ - u u i m i , ’c t  m e e i c l i u i , c m m u c l im cm \ e - , ,
i c e ’ ‘ 1cm e m —l mm ~ e r ’  e ’ mmm c t i g cu num t  m m c m i ’ -  c ut I 1g. 1 cmi l i m e ’  ( ecrum i  cml  (b ee ’ fe mn mcm u tmui rke - t I  1/ 1 mm I m iz ‘c m m cl  h ut-n I i c m e u m  3 c m - n i  I r m e mcslu l ic n —

— I ~ ~
‘ F — F,, F ‘~ ~i ’ ’ i i  lfl i~ ‘— e’,Iicc i , ’ — 1m m u m c:c t rm ’e mmm ’ t;ii jee tc , the m — ,-\ t, ’uu’— uemm u is

um t- s ’c ’m ’t in-Ic’s’. e’eu umc e ’~m t im ihiv —I mmii ii ic t fee t - cc - me r m l s t u d I I ce ’ r m - ’-e c l t —

cm- hm re Y,, is a diagim iiac l m i c l mmi i I Iti tie-c- tm u m et rim i i i  thu  e ’le ’mm ie ’ue l s eu ig  e m  lu re ’s— i  cmi— arm ’ re lict ic - c ‘lv — i cmi pIe ’ it t ill t lit’ 1n-’nodu’
1, - ‘‘‘a... - By m e m t taking R,,’ i flstefl( 1 e ef R,~ u mm 4”i I - I let’ Imc~ ,‘r—n u mm usSe ‘s— ’ t ime ’ n-mi me me’ ~cc-nic me lie-it v nl, me’— j urem _ e-nibe ’d iii
I r :c!u~Vc ’r5m ’ rescmmmae nce (‘(enehitmon in- e-xtende’d tic (lie- geouiie— t’~m ’m - l  i c e m i  II l(’, A s stichm mc m i u -xt m ’mc ” i cmmu is be’vemmmcl t h e ’  n-colic c m l

t r i ’ — of Fig. I ,  which ;cec ’. ’n e ” .cn th e  aci di linuimml einiform n laeye ’r this l ci; me-r . the interested re’uiele’r nimoithel ,‘eeum suiil re’fe’re’nee

of I huirkumc’-cs / c  - [‘231 ft ’r (t int he’r ele’i ails

I
” 
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v1_ DERIVATION OF NUMERICAL RESULTS ~~~~~~~
- ‘ - ‘ ‘ ‘ — ‘

The app lication of t he’ techni ques described above in- 0~~- [ ~~ O~.. ’.m’~ 5’-8~a ® I
ve elv es the  solntin im of the  secular equatiomm , which in this ~ ~ ~~~~~~~ca,-ne is give’n by the vmiu mic ’h ing of the in finite det ,ermina umt
ol S, ume (4~~ I . We re-call tha t  all of th e ’  paramelerce entering 06 ~~j ’~~~

’
~-.d ~ / TU,~~~~unto  S, are- ce,c’sunic-t I k mum im - n ,  ext-c-pt for k.0 mm’hi ch ii-’ regarded

as the - unknown variable Item any given frequent -v w. In dI~

• general , host -even , (he- qm i an t i ( i e- s  c ,. and c., (m n (he grating
regi cei m ~ au -c- not km mo wn exp iit - i I lv , ne, that the determina-
tion of their values is p art  cmi the - computation process for

• find mn mg ~~ 02A first step in Ihe progra mnci umg of a compute-u’ moutine - -

for solving the transverse mesemna nc e isecular i re lation is ~~~~~~~~~~~~~~ 

- - 

-— -.

to provide a subroutine for th e ’ e ’a lcu l atitmn ccl s., and c,,,
for an~’ give-n combination of A’, amid k ,n- . An- discussed in
Seetlcen 111, suc h a submoutimme - is ge-ret-ma th ’ dependent on Fig. 6, Variation of $4 for the f,cndamental TE and TM modes
the ’ specifi c grating structure ’ , hu t il usually iumvolve s the along a modulated layer ae shown in Fig. 4 wi th a. = 1 , ~ 3. 61 ,
e-sch u ’e, mla t i mmm i  c c l  a su i t m t hm l v  trun cat c ’d de ’t e -r mimmaumt ol the ~. 2,25, .1! < 0.5, and t — 2d ’ .‘ . The ins&t shows the fir st

stopband for M = 0,08.
inf in i te -  nu atr ix  defined in 22 A f t er  f inding the- ei gen-
vmilues ~, cci  t hus  t r u nm -ated matr ix , the p e -r tttm t -n t Founic -r
t -em e-ffi m ’ie -n t ’n c.,, c n he determined from the-in defimming ~e-l~ - where- f - n  are coluumui vectors cvith ele-mentm -n f, ’ amid R0
t i e m u 21 - ( i f  - cc i i i ’ s” . t I me accu racy te l se ll m, and e,, is is give’n by L in (4Th ) mc’ith the subscript a rc-placed by f
tj e~m e- m mde - m -it u cm m th e order of the- truncated dete ’rn iiimant . In 10 I 4 61 ~ 0mm ti m e ’ other hand, at = — t i, the - n -mi nc e ancp l i—
gemiera l , t h in - ac-ctarae~- i ncreases m m - i th the order; ace the tudes satisfy
d ete -nn si nam m ( is of the Hill’ s type -, the t nmu m m cat ion needs i-cot

= p,,f,(’
~’ exp ( i2k ,,’ ’ 1~ I ~

‘)4 1
he- cun u l ulv large- (or the accuracies required by practica l
c c  em i—u c i e ’ rm i t  em cmi . - .  I i t ewe ’v en , great cane must he’ exercised cvh mene - p. is give -tm iu c ~e0 I - I mmsc-rting 14 I im il  tm (.13 ‘ - cve’ t imed
whe- m e t-h ,eosung the  romm’s me mm d columns of the- truncated
de - t e ’ m n miu mm e nt  1cm-t utu -c mi m i ~nipr mp er choice may (-tcm isid ( -rab ) lv S j f 1 ’ = [1 — e-xp I u 2 k~c ~) R,k0]f” = 0 (~ c 1 l

degrade the- u l t inmate -  ac curacy that iii obtained , This is cr here- S~ is defined by the matrix in the square bracket s ,
particu larly ’ tr u e’ for calculations involving waves at or exp (i2kjf,) and R, are diagonal imcatn icemn with elt-tmi e ’um ( s
near a Bragg com m diti cuu m in the grating region , i.e., for 

~~~~ exp ( i2k .,mf ~~~ and o,,,p,., respectively. Here’ del I S~ =values c m i  ~,d — .V~ ( V  — ± l ,±2 ,± 3, • • . ) ,  A discussion 0 expresses t he transverse-resonance condition inside
on th is  q tuc ” -ti temm for t Ime ’ specific case of a sinusoidall3 ’ the- film layer in a manner analogous to that  cmh t ne iuy
modti late -d nm ie ’di umm in- given in [22, appendix]; it is det (S 0 ) 0 expresses this condition inside the gn a( immg
exp e-m ’te -tt that  the ’ - c u m m - m i l c ’ r c t i c c m i s  presen(ed (he-re app ly lav -r,
also to a more’ ge-neral variation of periodic ‘variations. ‘By thus choosing a suitably truncated n c atr ix  S~ cu r S,,

The’ scib m ou rim i e - for determining all required ~~ and r ,  the compmmt er program first finds k,0 by solving I 4 ’~ - <em
is t lieu introduced m b  I Ice- program that  hui mid le s th~ -1.’~ , after which the amplitu de-un a , and a, can he’ foumid
(‘alc mul ati o m m of k ,5. As ms-as the -  case for the subroutine , the by solving the simultaneous set of equations I 3 S ~ (41 ) .
program for fl n di mmg ~‘.o su sie invtu lves the calculation of a The values of c~ = $~ + in, (ogether smith the - magnitude ’s
suitabl y truncated determinant of an infinite matrix S,, of all a , and a., usually comp lete the informat i mn needed
which ic- again of the Hill’ s type ’ . Hence the comisiderations for the- design of a particular dielectric gra t immg mn l ruiclu cre ’
for t ru mmcating S, are- similar to them se for the subroutine ‘l’o illustrate sonic cml the ’ results that can he e u l i t m c l m i , - c I
me-m it ioned above, Host-ever, cvhen solving for k ,0 by using liv the t e-ehni q cu e me discussed above, cm-i ’ ;ire semml bc-heist ’
(4 ’.i j (cur the t m me m icat m- el  < I e ’ te -n n c i na nt , the- compute -u’ calcula— s -venum l calculate-el cur s e - mn  for gratings cuf thee lvj i c ’  -‘h im mc 1mm
lion I u m - ’ u c m e l l v  invols-ing \c ’mvt em u ‘s i t eration neethod I nia~’ h- ’i g’. i c ‘ and i
converge ’ c u r ’ s —l mm mm lv This hi m c t c ; m e mu s  espe-cially sm i t h  c u m u e  Tim.- l4 r i l leeiui u m el imi gnan m lc’r a mi’cecdm t luelc ’el have -n is givc~m
ti gm enm i t c c i i —  m cf thee ’  I m ;ue ’ n-b c mm - mm iu u I- i g I 1cm cm’hich t hc ’ cm as e— 

~ I-’mg d I, cr m h um ’  Ic ‘mc c- -n t I fu mui e l amen t a l t  TE5 amid - r ~gca tel l  mig ; m r c  c e - c  ‘ —~~ i — m ) r inmanm ly d c-I ermine -el by I 1w t i u mi (m mm i mci ,  met , ’’. — c r c”  I , ’ - c c - c l  I c c  t he  mc r g m ui m me-n t give -nm i i i  r ,m nn. -t’ t  I c mu m
l m c v e - r  ra ther  t h a n  hey ii , gnu e l iu ug layer. In such eases , t he ’ with Fig 2. t he ’— ,’ disp e-rsicmn curves shosv t h a I  the’ mc mev u ~eal cu la lic en of k~, u n  umic er e ’ catt il y and more accurately per— number ~~a is c m - n v  closely e’quial to the value th.~ of l iii’
formed by ut i l iz ing another matrix S, instead ol S,. surface mm-ave along a uniform (.11 — 0) layer , In fact ,  1cm

Th is is cih ta in ed by nol ing from F’ig. 3 ( h t  that at a — 0 
values of M < Ofm , it is nol possible ti m distimm guish ~o fr om

itt the ’ cani l or ne layer, tI-is’ field cmmplitudes f.’c- - are’ related 9,., on the scale of Fig ci in agreement st-ith the theory
by of surface waves along uniform layers [21 1. the ’ dispersion

f — knf ” .13 i curve’s in Fig, Ii lie bctmm’een the -  slraigh l lines OR mend Of’
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Fig. 7. \‘uc r ia t ime m m emf the ’ mc t ts- m m c umc bieu c m p anm iumict er a with freqttc ’nm’~’ S I ‘

fmmr t tm ~ samuup grict imig mum ’ t h a t  iii Fig. 6 . The range ’ shmmw i e &llows Fig. 8, Variat iceum of the ep acm’-hmcrmemnic vnpllludeec ci . with Ire- ~ 
-

fmcr  eubtmer mc single beam i n the stuheslra tc (e g., ~~m i,m b Q imu Fig. 6)  qtue lucy f,,r the TI”S nm~~t e’ al cimmg a mset&ngcular grating.
c r (cm r tw- m Lu~~jns, cmn c earh ti m (I t , ’ smmtmmst rmcte. anti aiim regiemne ~e,g.,

pm c i i m t H iii Fig 6) , h em -i d e t l m c mct.mm p hcencl , n lcet’cm macmm very large
me nd reai hes cc peak which is wel l cuui tmc i de the verti ca l range m ,hm uw n , , - ‘ - -cOccI uve hu e s umug co umclc f comes - ( )e m I n - mul e ’ t hue ’ -n t m m i mi etc mccl cm us

e mm o mm z e ’ r c m if I h um — frc e i c u e ’ mce ’  is h m i g i c  e - m c e m c c g h u  t m e  j e r c e e h u c m - e ’  r s c m i c s e —
t h i r c c u u u ~f i t i c , ’ u c r i gumu . mm - hm , m se ’  s lec t uc ’  u — ’ gi s’e’um lu ~ c- c u t  ~ ( c ,i 5 1  h ome ,  i. e., l Ic e -  m i - scm’ ,’ is le ’ ue km . ‘c- n se ’m ’mc mm l u g  7 , m c-~ i i  i c - s

u l i c t  ‘c i  ~ - •
I : ‘ ~ m’ ,’~-I c e ’ c - t u c - c - l \  slomm ’h~’ cm - it hu f me ’t 1 eme m c c ’~- 1 m m I b m ’  I u ’ : c k i  —mc c m - c’ ru - gl um , e ’\ m’ m’ I c t  i i i

I i i ’ -  t c r u ’ s e ’ m i m ’e’ m m (  t u e ’ r t eee l i e ’ t t~ n m umm e i i e ’n t s  i t s e ’h fn i ce mc t mn tr e uucg l y t i me— s ’ i c - i m u i t v  cml m ’, r l u c i u u  e ’ r i t i e ’ : el  c’sdi u c ’ — ccl  ‘I \ ‘I ’t c c ’s c -  e ’ r i t i c ’:c I :
I ~ ~ I ~ ~ I i “ i I I i~ “I , m~cl m: t uids me t fre ’c 1t tm tmc ’im ’s (<mt’ which t~ Rragg value ’s of cA ~ \ are’ mcss eme ’ i~iI u’ci ‘mm ii hi I he’ ) mrm ’— m’Tu cc’ mci \\‘ c cc cc h ‘ s
m ’c c u l d t u t u d c m l  .~ 1 ‘I ~I I  .\~ + I - + 1 - ’  1 is s m e m i m n f u c ’ e l .  ~ u ic ’ Ii m e uuommuu t l m e-n -  u e l eeuu g g nuc t i mug s 21 1; i m e  t h e ’  ~ere ’mne ’ m i t  c ’: e u ’ , t I c - sc’

me ‘m ee i u ie m e mct l  re ’g icmmu u s i l l c i cn t n e t  c-el emu l ug-  6 liv u m esi - rt  .1 , c cmnr e ’ s j uc m u i t l  t t e  t i c , ’  out — c -I cml m i e ld i t i emme s t l  lc ’nk c -~~c i c c ’ ice-sc u ms
cc huie ’ l i  n - b c - c u .- h me et  hi ~,-,d am id ~d icrom u tme l ~ d = w im c m u m a gm u itie—t i im i t ime ’ air or su i t e - i t r sct e ’  r e - gi c uucn - h l eem e  m ’v e ’n . leer ‘l ’\I m c i u c e i m — .

f eu rmmt .  i” m c r  mc i .c ’m ’le ’mtg t bu s A u mesie l e — t icis st te ph m cm mtl ,  thee ’ t im-I t t  a t ld i t ic mm u ucl  u m u t l i s  mmuu tv  u c r u p c - mer femr cm , ct - hui e ’iu m c i ’ , -  c l i i , - t . u  m e
c i i  u h i m’ n- u n met ’, - cc -m i s’ , ’ us in the’ fe rnm euf a de ’cm eyim cg st a m ucli uug— i-(r .’mc’st e ’r—ammg lm ’ ei u e ’ uc , mmm mc ’ muomc leer m e iuig iue ’ r t i e  ~ 1) 1 i c m t ruuu e m u eie ’
mm mtc ’ m ’ mm - it It ri’spe’c’t te e the ’ z eli re-ct u t mum - iums ide ’ f- h u e gruel m m eg layer. Sc ic ’hu me c-me. - , ’ is s itemmm mu him -  u b um ’ ne i l

lIe n - id e ’s pmoet u c immg stop hu cumel s , f-he presence eel periodme’it in a for TM< at ich u n tit  d X 9 -13 .
u m i s c i  e l — c u  u ’ b c m t mug c ’  b ite’ scurfuec ’e’ mm misc’s imc l cm le’utky mmm ccc’s , as l”em n le t ut hi smurfuiec— — mm -uis’m— uc uuc i  l e ’ m e lsv —mm sec - c- m . i c i c h u c - :e t  c c c i ’ - .
ml i — c  i c — s e c t  i t t  Se-ct b u m  II  - To ut sse-sn - t h iis . mi - c ’ nc ’hl t ’-t thee h u e s  the ueun p lit tide ’s cm . are’ of gre-mc I jumI c’re’st tu e - c’s ,  ic-n e’ t hu e - i t

m a cc I ~~( - uih tmu it M<,d = s- t - - c mh utaimi I~’(? and !I (,’, By takiumg mn ag mmit tide’s etc-I t- rmm m immc - thee ’ efflc i e m ucc c c l  e t c ’ s 1 m e ’ s t limit c ’ u u c j e l c c y
i m i t  cm m e ‘cc cii mit t ime ’  sl ci~ues cmf thee ’ vt iri omu s h iume ’s iii c tumcj uu ue ct  ic e mm mc ’mes’u’s gtuide’d i cv pe ’n iemd i c sI nuuc - t  cure ’s We ’ t h c e - rc ’ fcune ’ simm mmm
m m m t h u  t e ;  - c c , ’  fl int y verify ( l i mi t ,  for j — a amid ,c ’, uihl k ., t d  mire hi l-’ig. .~ t Ime va n i n t ice u t  ccl  a ,, em , ,  m e m m c l  ec u ( c m i t i u  c c ,  - . I )  for
t in  re im e m me gm muac r v ice - s  mu ir thee ’  t ru at mmg cula r rc ’gioum ()LG. Ho mm e’ve—r . t- h mc ftu ndm t mmc t ’ mmt mel 1’ i- ,, uumcl c ’ ce leumug mc rc ’e ’t u e mugcu l m t r  g rmtt  imc g cc l
k- . ’ is re’mcl om,l ai de this triang le, whereas hot-h k,,_, 1< ’m amid the type sh cm sm ’mu imi Fig, I ( h i ) , W,- re-call tha t  a , dc’ucemte ’ s t ime
A • i ’ ’  mere- real outside ’ time ’ large’r triangular re ’giomm Ol~G. amp litud e of the ’ nt -hi ‘p uce- c ’ hi mirm u u c um ui c at t lie a ir— grm m t iu ig
i ’l.u as st l frt -quuc ’n cies for cm’hi.’h the operatiomm point is imisiele bomundau-v z — I , As th e’ Rrillouiin dimigm’utmn is Imasie ’uehl y
the ’  ‘-cm ,  me l u ’ r t niuc tu g lc ’ ()  1,G I , ‘ -g- - ~m o i u mt F’ i , t he umu arface ’ mm-ave similar to t lem et ad reads’ give-ui iii  i”ig . I ’,, it us m m mli i t  tm - e l hue-re- ,
nm-mn t i m es  ice ecu m ed s’s- c-mt if pe ’nl m eel ic ’tt  V IS present , As fre -quemmey hum I i t s  p e ’rt . i u mu-mct — I cmp luue mm ci amid le-itk ~- sm uts’, ’ m- e’gi u m m i s icr,’
u u i ’ - r c ’ : e — c ’ - n  c u d  t bce ’ emje. ’r ue t c e c u m  j u c u i m e t  m’ re , ssm- s t ime h u e  ~‘(i ( m - g , im m d ic ue te , i  imu l”ig , ~~ I t  is n,ete’d that l i ce ’ c’c mrs -es lcmr cm ,

c u c i t  I )  - mc r mtc l im u t  t ( c u u l cc ’ mcm u m ccu ’ e ’ umr m - , mc tIme ’ scu l mn - t  r m t te  m e m u c l t h m e uitm de ’rgo ma~m iel s’m , n cmct  lotus m i m i — c ’  b c e  t lee- st m m j e i u s e u i e l  c ’ c h ge ’ — i I — c c .
s u m  r i~cc ’e’ d c m t s ’ e ’ is e ’bi u eu t g c ’ el I ce sd le ’seh u, mm m e s ’e ’ - For ire ’e ici eumt’ m es mm-c nemt e I hi n t ci — ‘ c c  — I : e m cm l - 

u c  — cc c mm it h u e  t b ee ’
t u s e t  e r ’ -  h i gh  e ’ m u m e u m g i u  sm t b u m , t  t he , ’  oj u e—nui t imeg ~m cei mm t is u i i u e  ye ’ st em l u h e m e mme l  , i i i  segre ’ e ’ mm um’ mc (  \ e i t  i i  thee’ fm im ’t t h i m e t  mIme ’ t i e -t e l  u ,n mu

blue’ ()(, l i e u , ’  m c -  it - t uc m um it Ic’ , i : m c h i : e I  u m m u c  h c u ’ m e m u i m ’  cm m’ eue r iii hint Ii nt ucm m ciimmg mm :evc ’ i i i  t h c m  n t  ,m l e he uc uue l .
I c - c  r u  c - m u u i c l  cu r  rc g u e c m m s  .~ lt l e ci c ig iu stem u ce ’ of b lue  fe ere ’gc uimi g c uri e’s c ’ ceuche l  t i m e s- u - l ce ’ c ’ m u
Tie r’ ~t t t ‘ ‘ m d c  u u e t  ic emc p u i mu fli u d ’t  c-n a - u m - i m ie ’ l m i c-u elem e’ i ’it ime’m t- ,m a e’al cuuhmi t c-el imv (h u e melmp r oxin iutt C t e ’ c ’i imui e~tte’s re-piert c—el ic u t h e
c~ m h m s c m m c l  c mr I c c  power le-u ckui ge , us ue h et mwuc imi Fig. 7. As fre— past [2] [7e], [7] [D] [12], (heir u te - cui rn m - v sh me c mml ei Im e

c~i ue - cur)’ v mtrum ’ -n . cc slants ii~’ being a m-rem 1mm thee ’ suurf aee’—wmive’ ehe’cked by at n ige m r m.i s ni e ’t hme md su it - lu its t lc ~ t l erm ’ sc mm t i l hue -ne ’ .
rm ’ g u c m m u  ; h i c ’ e c  e ’u ’ m ’r . ,c is uie ) flZi ’mfl amid ~me’aks strongly im i the To show the ’ imp ort aumct ’ urnel ( h ue ’  g c-u m e ’ma l i tv cml t ime- mimi-b heid
s t e m p m lememccl  regime. ‘l ’his sto t u b mmn il  he ’himviemr is of imnportanc’e’ discu ssed in (-his paper , we show’ icc i”i g. 9 time ’  vm mn im u t i e muu  of
1mm tIme ’ alum-ration c i f eli-c t n ihu ate -e l— fe ’edhaek l aaet ’rue acid t Ime a for time san e- grating as that  cml i”ig. s, c’xe’ept t h a t  uuemmm-
n auixim m u c a mcu vueluic ’ of cm c l et - ermu m imm m ’me tim e ’ length reqeiired for the mm’avelengt im A is aeaeueumued fixed and the’ gratiuig thmiekmmess
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